Toric GEOMETRY

IN StrRING M ODEL BUILDING

This diploma thesis has been carried out by
Tae-Won Ha
at the
Institute for Theoretical Physics
under the supervision of

Prof. Dr. Arthur Hebecker



Torische Geometrie im Stringmodellbau:

Wir untersuchen die torische Geometrie als Haupthilfghftir den Stringmodellbau in der F-Theorie
und in toroidalen Orbifolds der heterotischen StringtieoFir die F-Theorie behandeln wir torische
Methoden, mit denen man vierdimensionale elliptische li&fau Mannigfaltigkeiten als Hyperflachen
der torischen Varietaten konstruieren kann. Weiterhigere wir, dass die Branemoduli der F-Theorie
einen Teil der komplexen Strukturmoduli der internen Magfaltigkeit darstellen, die zur Kompakti-
fizierung verwendet wird. Fur die Untersuchung der Orbifiobdelle diskutieren wir die Konstruktion
der nicht kompakten Calabi-Yau Orbifolds als torische &fitien und wie man sie auflésen kann. Da
die Schnittzahlen der Divisoren wichtig fur den Modelllider Orbifolds sind, argumentieren wir, dass
eine verniinftige Schnitttheorie in nicht-kompakten Mgfaltigkeiten definiert werden kann und geben
Regeln vor, mit denen man die Schnittzahlen der aufgeiosieht-kompakten Orbifolds ausrechnen
kann.

Toric Geometry in String Model Building:

We study toric geometry as the main tool for string modeldog in F-theory and in heterotic toroidal
orbifolds. For F-theory we review how elliptic Calabi-Yaauffolds can be contructed as hypersurfaces
of toric varieties. Furthermore, we show that the brane ri@dir-theory are contained in the complex
structure moduli of the internal manifold used for the coniifi@ation. For studies of orbifold models
we discuss how to construct non-compact Calabi-Yau owdsfas toric varieties and how to resolve
them. Since intersection numbers of divisors are impofftandrbifold model building, we additionally
argue that a sensible intersection theory in non-compacifaids can be defined and give rules to
calculate the intersection numbers of resolved non-cotrgraifolds.



A world without string is chaos.

Lars Smuntz, Quoting his father
Mousehunt
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Introduction

Probably the single most prevalent claim advanced by thpgments of a new paradigm is
that they can solve the problems that have led the old one tizia.c
Thomas S. Kuhn[[Kuh62]

Today, general relativity (GR) and quantum mechanics (QMsanfinite-dimensional cousin quan-
tum field theory (QFT) are two main streams in fundamentakjsy Both theories caused paradigm
shifts in gravitational and microscopic physics respetyivfrom Newton's “simple” gravity law to its
geometrization and from the “classical” physics to “quamtyphysics and QFT endowed with gauge
symmetries describing strong, weak, and electromagndtcactions. Despite their success, there is no
satisfying theory which unites both of them, i.e. all fouolam interactions. The main topic of today’s
research is to reconcile GR with QM in quantizing it.

With the advent of string theory another paradigm shift leaqg@ for many physicists. Nowadays,
string theory is the most promising candidate which couldheme both GR and QM. However, as it is
well known, it has many problems. Not being able to naturediyroduce the standard model is one of
them.

The aim of this thesis is to develop tools for so-called maéding in F-theory and in the heterotic
toroidal orbifold context. We proceed as follows: §f we introduce some terminology of algebraic
geometry to have the right language for the discussion cipedivisors of a complex manifold. Then
we discuss ir§ [@ elements of toric geometry which will be the main tool fardsting and constructing
the models. We describe how one can construct compact andamopact Calabi-Yau manifolds using
toric methods. For the study of brane moduli of F-theory, vseuks in§ @ two very important concepts
in algebraic geometry, namely sheaves and sheaf cohomology

After having set the notation and introduced necessarysena discuss F-theory and its orientifold
limit. One of the main problems of model building is the qimshow to stabilize the moduli, i.e. com-
plex structure, brane, and Kahler moduli. We show by usheps cohomology that the brane moduli
which represent an extra class of moduli in type 11B theorsithes complex structure and Kahler moduli
are a part of complex structure moduli of the fourfold whislused for F-theory compactification. Thus
we “only” have to stabilize the complex structure and Katmeduli. In this thesis, we focus on the
complex structure moduli. We briefly discuss one possibleharism used to stabilize the complex
structure moduli.

In the third part of this work we provide toric geometry teithues for the heterotic toroidal orbifold
models. We describe the construction of non-compact Gabiorbifolds as local models of compact
toroidal orbifolds. Then we show how to resolve the singtits. To obtain the chiral spectrum in these
resolved orbifolds, it is crucial to calculate the intet&@mt numbers of divisors. Here we have a very



peculiar situation. In mathematics the intersection th@dmon-compact manifolds is not well defined
since the intersection between non-compact cycles is matiant under deformations. For this reason
it has not been considered. We argue that a sensible defintimtersections in non-compact manifold
is possible under certain restrictions to deformationsthatifractional numbers can occur. We propose
a set of rules which can be used to calculate all intersectionbers, including those between non-
compact divisors, for various orbifolds. In[GNHTO7] it is@vn that the number of chiral multiplets
of the resolved orbifold€?/Z3, C3/Z4, andC3/Z, x Z, calculated using these rules match those of
heterotic orbifolds. This makes us confident that a sensiefaition of intersection humbers in non-
compact manifolds is possible.



Algebro-Geometric Prelude

Algebra is generous: she often gives more than is asked for.
Jean d’Alembert, Quoted i [Mac93]

For further development several concepts of algebraic gagmwill be very handy and even neces-
sary. In this chapter, we essentially fix the notation anddahguage we will be using in later chapters.
In order not to bore the reader with too much mathematicahifiefns and results, we will discuss some
concepts in a later chapter.

2.1 Basic Definitions

2.1.1 Divisors and Line Bundles

Let M be a complex manifold, not necessarily compact, with comglmensionm and{U,} an open
cover ofM. We mainly follow the treatment of [GH7§,1.1].

An analytic hypersurface V of M is a subset such that for everye V there exists an open set
Uyx ¢ M whose intersection witN is the zero locus of a holomorphic functidp Every holomorphic
function whose zero locus contaibig NV is divisible by fx. This functionfy is called thdocal defining
function for V nearx. Consider the Jacobian &f

I3 = ((9zl x@. ... 0z, fx(Z)) )

wherez = (z, ..., zy) is the local coordinate system . We call a pointy € Uy NV singular if

J(f)y) =(,...,0).

If V does not have any singular poiltjs a submanifold of codimension 1. The hypersurfede called
irreducible if it cannot be written as the union of two smaller analytiplysurfaces.

Let x € V and f be a local defining function fov nearx. Letg be a holomorphic function defined
nearx. We define therder of ¢ to be the largest integerdenoted by ordy g such that
g
h==
fe
is holomorphic arouna. The order ofy is well defined and is always a non-negative integer. It dogs n

depend orx and is denoted by otdg). If g does not vanish oW, then ord/(g) = 0. The order org(g)
tells us how many timeg contains the local defining function of.



For g andh any holomorphic functions we have

ordy(g - h) = ordy(g) + ordy(h).
Let f be a meromorphic function oil. It can be written locally as

f=9

h
with g andh holomorphic and relatively prirﬁleWe define

ordy(f) = ordy(g) — ordy(h).

A divisor D of M is a finite formal linear sum
D=>a Vi, acZ
i

of irreducible analytic hypersurfac®$ of M. We write Div(M) for the set of all divisors oM. A divisor
is calledeffectiveif a > O for alli. Let f be a meromorphic function ol defined locally ag/h and
not identically zero. We associate the divisor div{o f by setting

div(f) = Z ordy(f) -V =div(f)o — div(f)e,
v

where

div(f)o = > ordy(g)-V and div{f)e = > ordy(h)- V.
Vv \Y

The sum runs over all irreducible hypersurfacedvbfHowever the sum is finite since the orderodr
g for a hypersurface is zero if the zero locushadr g do not contain the hypersurface. We call a divisor
of form D = div(f) aprincipal divisor .

Divisors can be defined in aftitrent way. Let# (M) be the set of meromorphic functions afidM)
the set of holomorphic functions adl. Let.#*(U) and &*(U) be the sets of meromorphic functions
not identically zero and nonzero, i.e. nowhere zero, holpimic functions on an open setc M. Let
{U,} be an open cover d¥l as before. A divisoD is given by

fo € .47 (U,)

for eachU, with .
Ze 0*(U, N Uﬂ)
fs
through
D= ordy(fo) - V.
\Y

where for each/ we chooser such thatv n U, # 0. The functionsf, are called thdocal defining
functions of D. Let us unwind the definition. For eadl, we pick a meromorphic functior,. We
demand thatff, and fz coincide on the intersectiob, N Ug up to a nonzero holomorphic function,
i.e. they have the same zeros and poledJgm Ug. We sum over all hypersurfacés of M which
have non-trivial intersection withl,. The order ord(f,) is the multiplicity V is summed with. This

1The notion prime in this context is naturally understandatliimeans thaf andg do not have any common factomhich
is also a holomorphic function.



is well-defined even iV has non-trivial intersection with two or more open sets aitie local defin-
ing functions have the same zeros and poles in the intessedhus it does not matter whidp we take.

If M is not smooth, but contains singularities, i .is avarietyﬁ, both definitions in general do not
yield the same set of divis@sThe first definition describes the set of Wil divisors and the second
definition the set of th€artier divisors. Every Cartier divisor is a Weil divisor, but not vice versa.

We say two divisorD andD’ arelinearly equivalent if
D - D’ = div(f)

foraf e .#*(M). We write
D~D.

Clearly ~ is an equivalence relation.

If we have a bundl€ of any kind, e.g. vector bundles, fiber bundles, etc., we usk following
notation:
F——E

|

B
The fiber is denoted bk, e.g. vector space®” andC" for vector bundles, and the base By

Let{U,} be an open cover d¥l and
gop - Uo——Ug ., gop€ 0*(Uy, N Uﬁ)

the transition functions of a line bundleon M. A holomorphic sectionof L overU c M is given by a
collection of holomorphic functions, onU n U, with

S =dap-S N UnNU,NUg

If U = M, thensis aglobal holomorphic section A meromorphic sectionis defined analogously with
s, being now meromorphic functions @h The quotient of two meromorphic sections is a well-defined
meromorphic section.

The first Chern class of a line bundledenoted byc;(L) is a characteristic quantity fdr. The first
Chern class is an element BI?(M, Z), i.e. ci(L) € HSR(M) with the additional property that the in-
tegrals ofcyi (L) over complex one-dimensional submanifolds Zrealued, whereHgR(M) denotes the
second de Rahm cohomology groupMf Additionally, one can show that(L) € HYY(M) [GH7E,
p.416]. A line bundleL on M is determined up to isomorphism by its first Chern class. b tine
bundles are isomorphic, then their first Chern classes ara.efhe group of all line bundles dvi up to
isomorphism is called thBicard group and is denoted by Pi&{). The group operation is given by the
tensor produ&@ and the inverse of a line bundleis its dual line bundld.*. By the group operation the
transition functions get multiplied or divided respeclyvelhe unit of this group is given by the trivial
line bundle.

2A variety is a manifold with possible singularities, i.eriedy with no singularities is a manifold.
3For more details see for example [Shia94, p.256].
4Some authors write the tensor product additively, e.geadbfL ® L = L? it is written 2L.



There is a nice correspondect&atween divisors and line bundles bh Let D be given by f,} with
fo € #*(U,) and

f %
Jop = f—; € 0*(U, N Up), (2.1)
i.e. gop is @ non-zero holomorphic function th, N Ug. We have furthermore the cocycle condition
gop - gy = gy For U, nUgnU,.

Thus we have a line bundle with transition functions{gaﬂ}. This line bundle is called thassociated
line bundle of D and is denotdiiby [D].

The correspondence
[1: Div(M) —— Pic(M)

is a group homomorphism, i.e.
[D+D]=[D]®[D] and [-D]=[D]™t.
The homomorphism] descends to the quotient
[]: Div(M)/ = —— Pic(M),

where~ denotes the linear equivalence of divisors. This homonismplisinjective The line bundleD]
is trivial iff D = div(f). Forprojective manifolds it is arisomorphismGH/78, p.161], where projective
means that the manifold can be holomorphically embeddétPihfor somen. The reason is that every
line bundleL of a projective manifold has a global meromorphic sec8oifhus we define the inverse
mapping through
div(s) = > ordy(s) - V.
\%

Note that ifsis holomorphic, div§) is efective.

The first Chern class of the associated line bundle of a disa.e. c;([D]), represents the Poincaré
dual of the homology cycle db. We will therefore writeD for ¢,([D]). One important consequence of
this fact is that the principal divisors are homologous tamzee. the corresponding Chern class is zero.

2.1.2 Canonical Bundle

Let M be a complex manifold with complex dimension Any complex manifold is a real fferentiable
manifold and we can look at itangent bundle Tg M which is areal 2m-dimensional vector bundle on
M. Thecomplexified tangent bundleof M denoted by

TcM :=TgkM®C
has a natural decomposition in two pieces
TcM=TMaTM,

where we writeT M for the holomorphic tangent bundleand T M for the anti-holomorphic tangent
bundle. It is clear thatTcM is acomplex2m-dimensional vector bundle oll. Let T*M and T*M

SStrictly speaking, this correspondence is valid only fort@adivisors. In§[B222 this fact will play a role.
81t is often denoted by (D).



Figure 2.1: The normal bundle of a divisdd in M at the pointp e M

denote the dual bundle M and T M respectively. Theanonical bundle KM is the determinant
bundle ofT*M, i.e.
m
KM = detT"M = A\ T*M.

It is clear thatK M is a line bundle oveM. The sections oiKM are the (n, 0)-forms of M. The dual
bundle ofK M denoted byk M1 is called for obvious reason ttamticanonical bundle As it is well
known KM andK M~ play an essential role for the discussion of Calabi-Yau fo#s. We writeKy,
for the corresponding divisor t& M, the canonical divisor. Obviously theanticanonical divisor is
—Kwm.

2.1.3 Adjunction Formulae

We look at the canonical bundle of a divisbrin M. It will be important because many Calabi-Yau
manifolds will be constructed as a divisor of a rather singstebient manifold.

In order to determindKD we need the concept of theormal bundle of a divisoll. The normal
bundleNy D is defined through the following short exact sequence

0 TD— TM|p —>— NyD —— 0. (2.2)

Since the sequence is exacis injective andp is surjective, i.e. the magsand p are inclusion and
projection respectively. At each poipte M the vector spac&,M is spanned by the basis vectors of
TpD andNy,pD

ToD®NumpD =TM VYpe M,

where the subscrigb means the bundle at the poipt Figure[Z.1 illustrates the concept of the normal
bundle.

Thefirst adjunction formula tells us that

NmD = [D]lp, (2.3)

"It is clear that the normal bundle can be defined for any sidstyanf M. We restrict ourselves to divisors because we do
not need this concept for subvarieties with codimensioatgrehan 1.



where D]|p means the usual restriction dD] to D. Since a divisor is a codimension one object, its
normal bundle is complex one-dimensional, i.e. a line beindl

Thesecond adjunction formulaallows us to determin&D
KD = KM|p ® NyD = (KM ®[D])|p, (2.4)

where in the second equality we used the first adjunction déamNe will use these formulae very often
as we go along.

2.1.4 Properties of the Chern Class

We list general properties of the Chern Class as we will usgténsively. One can find most of these
properties with corresponding proofs In_[GH 78, p.407].

Let c(E) denote the total Chern class of a complex vector bukdlgVe denote théth Chern class
by ¢i(E). Furthermore we write(M) for ¢(T M). Thei-th Chern class 6f M is an element oH? (M, Z),
the 4-th cohomology class whose elements give integer numbees witegrated overizycles ofM.
Additionally, one can show that(M) € H"(M) which is the Dolbeault cohomology group of degree

Q).

One of the most important properties is theturalness Let M andN be complex manifolds anél
a¢*>-map
f:M——N.

Let furthermoreE be a holomorphic vector bundle dhand f*E be the pulled-back vector bunBlen
M:

FE— L E

]

M——

Then
c(f*E) = f*c(E). (2.5)

The Chern class behaveatural under the pull-back in the sense that the Chern class of tietigoack
bundle is equal to the pull-back of the Chern class.

Let V’/,V” andV be three holomorphic vector bundles dh Assuming we have a short exact
sequence
0 \A \% v 0,

we obtain for the total Chern class ¢f
c(V) = c(V') - c(V").

This includes the cas¢ = V' @ V”. This formula is called th&Vhitney product formula. See for
examplel[Har77, p.430] of [BT82, Rem. 21.6].

8For the definition of the pull-back of a vector bundle see famaple [BT82, p.56].



Let E be a holomorphic vector bundle of rakkthen
ci(E® L) =ci(E) + k- ci(L).
Thus ifL andL” are complex line bundles on a complex manifddthen
c(LeLl’) =ci(L) +cy(L). (2.6)

Let E be a holomorphic vector bundle on a complex manifelcand letE* denote the dual bundle
of E, then
o(E") = (-1) - c(E). (2.7)

The canonical bundl&M has the first Chern class

c(KM) = —ci(M). (2.8)

2.2 Complex Projective Spaces

One could say that complex projective spacH#®' are the most important complex manifolds. For
convenience we writ@" for CP". They are perfectly suited to illustrate the ideas of presisections
without being trivial. We first fix the notation.

2.2.1 Notations forP"

For P" there is a very natural line bundle, called tia@tological bundle] denoted byCen(-1). Itis
defined as followd [Huy04, p.69]

Oen(-1) = {(t.0) e P"x C™ v e ¢},

i.e. for every point irP" we take the line defined by the point as its fifetf we coverP" with the usual
open sets defined by
U ={z #0nP",
then the transition functions of this line bundle are
@ij = ] for UinUj.
Zj
Let & € H2(P", Z) denote the first Chern class 68n(—1).

We call the dual line bundle, i.e. the inverse line bundlegef(-1) the hyperplane bundle It is
then natural to writeZpn(1) for it. We will soon see that the hyperplane bundle is thsoaiated line
bundle for every hyperplanid in P" which is defined as the zero locus of a homogeneous polynarial
degree 1. The transition functions are

Zj
l//ijzz for UiﬂUj.

Letw € H2(P", Z) denote the first Chern class 6§n(1). It is clear using[{Z17) thab = —@&.

9Note that in the literature it is sometimes called tamonical line bundleof P". However, the woradanonicalis over-
loaded and one can confuse it with the canonical buK@&which also is a line bundle.
101t's so tautological!



| Vo [ V1 |
Uo 1 | 2/z
Ui || /21 1
Uz | /2 | 21/
Us | 20/z3 | z2/2%3

Table 2.1: Local defining functions for hyperplan¥s andV;

The total Chern class &" is [GH/8, p.409]
c(P") = (1 + )™
Thei-th Chern classes can be obtained by expand{Rb), e.g. the first Chern class is
aP = (n+ Dw.
Using [Z8), we obtain
Ci(KP") = —(n+ 1w.

If we write Opn(mM) for Cpn(1)™ and Opn(—m) = Opn(—1)™, the line bundleden(—(n + 1)) has the same
first Chern class akP" employing [Z.B). Since a line bundle is determined by thé Gkgern class, we
obtain

= Oen(-(n+1)).

The Picard group aP" is particularly simple[[GH78, p.145]
Pic(P") = H2(P",Z) = Z

i.e. every line bundle of#" is a power of¢zn(1). Now it is clear why the notatioen(m) makes sense.
Additionally, global sections ofz(m) correspond to homogeneous polynomials of degiee

2.2.2 Divisors inP"

Let us consider two hyperplan®g andV; of P® with homogeneous coordinate= (7o, 71, 2, 3). The
first hyperplané/y is defined as the zero locus of the homogeneous polyndg(i@l= z, i.e.

Vo = {0,21, 25, 3} NP3 = P2,

The second hyperplang is defined analogously withy(2) = z;. The hyperpland/; is also isomorphic
to P2,

To analyze the hyperplanes as divisor@&fwe first coveiP® with the usual open sets

U()— p#0 ﬁPg
z1#0
#+0 ﬁPg

{
= {
= {
U3_{23¢0 NP3,

}
FN
}
}

Table[Z1 shows the local defining functiapsandh; for Vo andV; respectively. Functions dd; should
be well defined, i.e. invariant under tliE-action sinceJ; are not projective. This is the reason why the
local defining functiongy; and f; are of the given form. Since the coordinatés non-zero inUJ;, we

10



divide f; by it to obtain an invariant function. The constant functibin Ug for Vg also makes sense
sinceVy N Ug = 0. Additionally, we easily see that

ﬂ, = € ﬁ*(Ui N Uj).
gi N
Thus we have a divisor description fdg andV;.

We now construct the associated line bundMg pnd [V1]. The transition functions are for both
divisors using[(ZI1)
¢ij =2zj/z for UinUj,

i.e. [Vo] and [V4] are identical. This means
Vo~V
since the homomorphism] [is injective. This we can see also at the level of local dafjrfunctions of
Vo andV;. From the Tabl€2]1 we see again that
VAl .
h=¢gi-— Vi
i = di 7
Thus we obtain ,
Vi=Vo+ div(—l).

1=Vo %

Since div(f) with a global meromorphic sectioh defines a homologous trivial divisovp andV; are

represented by the same class in the homology.

Obviously we can generalize this construction F8rwith more general homogeneous polynomials
fo and f; both of degread whose zero loci define two hypersurfades and D;. The local defining
functions are

gi:% and h.:%.
We see again that
Wb
i = Ji fo'

Both divisors are linearly equivalent because
_(f1
D1 =Dg+ dIV(—).
fo

Moreover, we have .
Do~ D1 = dV() + dIV(—l),

%

where the local defining functions foiVp arez3/z'. The associated line bundle is obviousig[® for
Do, D1 anddVo.

11



2.2.3 Calabi-Yau Hypersurfaces inP"

In this section we show for example that the quinti®fris Calabi-Yau. The total Chern classkfis
c(Ph = (1 + w)°.

Let V be a hypersurface defined as the zero locus of a homogenelyaemial of degreed in P*. We
know thatV is linearly equivalent tal\Vp. We apply the first and the second adjunction formUlag[AB,2
to obtain

KV = (KP*e [vo]d)| (2.9)

v
We obtain the first Chern class \gfby applyinﬂ c1(4),
—c1(V) = cy(KV) = ¢y (KP?) + ¢ ([Vo]?)
= —C1(P4)+d-a)
= (-5+ d)w.
We want to have vanishing first Chern class¥orThus we need = 5, i.e. a quintic. We can trivially

generalize this analysis ', essentially just by replacing 4 by The zero locus of a homogeneous
polynomial of degreen(+ 1) in P" is Calabi-Yau.

1\We can ignore the restriction ¥when we applyc,(-) to {Z3) due to the naturalness of the Chern class. Theatsitris
the pull-back of the inclusion and the Chern class behaviesally under the pull-back.

12



Elements of Toric Geometry

There are surely worse things than being wrong,
and being dull and pedantic are surely among them.
Mark Kac, Quoted in[[Mac93]

Toric geometry is a very fruitful and exciting topic, mathatically and physically. Mathematically
it is a beautiful playground for deep algebro-geometribaiorems. Why it is also relevant for physics
or at least for string theory, we will describe in this chaptEollowing Kac’s remark we will take a
pragmatic approach and will not be mathematically rigorand rely heavily on pictures and reader’s
intuition.

3.1 Basics of Toric Geometry

First of all, toric geometrgannotdescribe the conventional torus]A, whereA is a lattice. The torus in
toric geometry is thalgebraic torus, (C*)". A toric variety of complex dimensionis a variety which
contains the algebraic torg€*)" as an open subset and on which an action of this torus is defined
this section we describe how toric varieties are constducidne reader should remind himself that this
is only arecipeand therefore we set no great store by mathematical rigoluaa:kgrounﬂ.

3.1.1 Fans

The very basic object of a toric variety is called fan. To b&eab define a fan, we need some more
terminology. For our discussionlattice N will be Z" as shown in Figurg 3-I{a). L& = Z" denote the
dual lattice to N. We will needM when we discuss Calabi-Yau hypersurfaces in toric vasgetie

LetS = {vj} be a finite set of vectors iNg, wheré Nr = N® R = R". We now define theonvex
polyhedral coneo
o = Conef) = {X Aivi | 4 = 0}.

A strongly convex polyhedral conds a convex polyhedral cone which satisfies
on(-o)=0,

where (o) = ConefS). Strong cones thus do not contain a line through the origior example,
the coneor; in Figure[3.I(H) is an example for a strongly convex cone. ddreo in contrast is only
convex.

1In § Bl we describe the construction in more detail.
2To be more precise, we should writes; R. For our discussion however, this is not important.

13
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Figure 3.1: Basic objects of toric geometry

Because three attributes are not enough, we add one moreadqdtlthestrongly convex rational
polyhedral cone We demand that the vectarsin S are not just elements Mg, but also ofN. Figure
shows examples of two-dimensional strongly conetional polyhedral cones.

We use Figuré-3]12 to defineface r of a coneo since the concept is intuitively clear. A face of
codimension 1 is called facet

Now we define thdan X. It is a collection of cones satisfying following three peoties:
1. Every cone itk is a strongly convex rational polyhedral cone.

2. If o € X andr is a face ofr, thent € .

3. If 01,00 € T andoy # o3, theno N o is a face of each.

Since we are going to work only with strongly convex ratiopalyhedral cones, we just writeone
from now on. The third point in the definition of the fan meahatttwo cones of equal dimension are
not allowed to have a non-trivial intersection which is néaee of each. This means for example that a
cone is not contained in any other equally dimensional cohetould be noted that every fan contains
the zero-dimensional cone which is the origin. Figlure 3 ftbws a fan with four two-dimensional
coneso1, 07,03, ando4. It contains also the zero-dimensional cone and four omeedsional cones
generated by the four vectors shown. We use the ng#orerators of the one-dimensional cones and
the vectors interchange.ySee also Figurie_3.2 for a three-dimensional example of.a fan

3We only consider fans which contains all one-dimensionakesgyenerated by the vectors in the fan.
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two-dimensional face

Figure 3.2: Example of a fan il = R®

Figure 3.3: Possible choices of cones in a fan

It should be noted that it is not enough to just give the omeedlisional generators to specify a fan.
See the fang, £; andX, in Figure[3B. They have the same four one-dimensional géorst but have
different cones in them. Thus we also have to specify which cdrefan contains. The transition
betweernt; andX; is called aflop. Examples of flops will be discussed §i6.3.

There is another important object in toric geometry catkibnal ponhedronE P. LetS be a finite
set of points in the lattic&l. We call these pointgertices. Rationalmeans that all vertices are not only
points ofNg, but also ofN. From now on we writgolyhedron for rational polyhedron. The polyhedron
P € Ng is the convex hull of points i®

P={Z{L AipilpeSand X, 4 =1}.

Facesof P are obviously defined as in the case of cones. See Higdrereddmples. Faces of codi-
mension 1 are called agafacets We can associate a fa{P) to P. The cones itE(P) are the cones
over the faces oP. See Figur&3l5 for a simple example. It is clear that vestfoem the generators in
Y(P). We assume that every polyhedron contains the origin. I§&ewe construct a toric variety from
a polyhedron, we mean that we do it through the associat€dl faote that toric varieties constructed
from a polyhedron are projective [Cox05, Thm. 4.1]. For aarsgle of non-projective toric variety,
consider a two-dimensional fan which consists of two omeetisional cones for which the origin is the

“In the literaturepolytopesare often used instead of polyhedrons. Polytopes are bdymalghedrons. For our purposes
they are the same because we only consider bounded polyisedro

50One normally starts with a polyhedr®i in the dual latticeMy. FromP* one determines the so-calladrmal fan which
is in Ng. To rigorously define it would take much more space and careskp it [FUI93, p.26].
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two-dimensional face

one-dimensional face

Figure 3.4: Faces of a polyhedron

AN
N4

Z(P)

Figure 3.5: Associated fan of a polyhedron

only face they share. This fan does not stem from a polyhedrbus the toric variety constructed from
this polyhedron will not be projective.

3.1.2 Homogeneous Coordinates Construction

There are many ways to construct a toric variety from a fanndime the most typical two, there are
the construction using Speﬁ and the homogeneous coordinate construction. The firstrcmtion

is more classical and somewHatal. To read more about this method, see for example [GOda85] or
[Ful93]. The homogeneous coordinates method is easiersaaglobal approach, se¢ [CoxD5, Lect. 3]
or [HKK*03, § 7] and for a proof[[Cox93, Thm. 2.1]. We will use the secondhmodt By doing so, it is
easy to see that toric varieties ayeneralizedveighted projective spaces. Therefore we first review the
construction of?" out of C™*! and redo the steps for toric varieties.

To obtainP", we do the following:
Step 1: Start withC™?,
Step 2: Subtract{0} from C™1.
Step 3: Define an action of* onC™! — {0}: (z1,...,Zu1) = A(ZL, . .., Zns1)-
Step 4: Take the quotient o™ — {0} by theC*-action.

We go through the steps with an easy example. We take HigGfa]3s the fan for this example.
Since the latticeN is two-dimensional, we will get a complex two-dimensioraid variety. In general,
if we want to construct complex-dimensional toric varietie$\l = Z".

6SpecR) means the set of all prime ideals of a riRg
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Figure 3.6: Fans of simple toric varieties

Step 1: Let (V) denote the set of generators of one-dimensional cones

U1 1 0

vzl |1 O
M=l =10 1| (3.1)

V4 0 -1

We have four generators, so we start with We assign to each a coordinate; of C* which is called
a homogeneous coordinate.
Step 2: We now have to subtract a set of points frath This set is called thexceptional sl Z().
To determineZ(Z), we have to determine all sets®fwhich do not span a caBén =. In this example
these are

{v1, v2}, {v3, va}, {vi, v, vk} for i, j, k all different, andv, vo, v3, v4).

We set

Z(Z):{Zl:ZZ:O}U{Z3:Z4:O}U{lezz:Z3:O}U{Z]_:ZZ:Z4:O}
U{zn=z=2z=0U{n=23=2=0U{z1=2=23=2 =0}
={n=22=0U{zzs=2=0. (3.2)
We now subtracZ(X) from C*.

Step 3: In this step we have to define an action 6f ™ on C* — Z(X), where we have to determima
For this purpose we find linear combinations{gf with

Z qivi = 0.
i

“In the literature it is sometimes called tBtanley-Reisner idealr thevariety of the irrelevant ideal.
8The exceptional set encodes information about cones irathd.&. the choice of cones as describe§fll.
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The codficientsq; are calleobharge. See§[ATIfor more details. In our example, we have two linearly
independent charge vectors

1
1
0 and

= = O QO

0

It is obvious that the charge vectors are not unique.

Zq”‘vi =0 for j=1,...,¢
i

=AZW“:Q

whereq; denotes thé-th component of thg-th charge vector. If we have one set of char{m}s}, we
can use another set of charges whose charge vectors hawarheif= 3; jq; as long as they are
linearly independent. The resulting toric variety will beetsame. We conveniently write the generators
of the one-dimensional cones and the charges in one matixteid by ¥ | Q)

0

0

1
-1

O Or K
= OO

1
viQ=| 5
0

Once the charges are determined, we can definedh&'4action. Since we have two charge vectors,
m = 2. Thei-th charge vector defines tiwth C*-action:

z Az 2\ (4°z
yoy Az, z| v’z
2 025 and 2 'z (3.3)
z) 1%z Z 2

Step 4: We finally obtain the toric variets

C4-Z(2)
Xy = ——Z
EGDE
From [3:B) and[({3]2) it is clear that
Xs = P x Pl

In § Bl we discuss this construction in more detail.

We look at other easy examples. Fig[ire 316(c) shows a famoérion 1. We start witl¥? since
we have two vectors. The exceptional set is cle@#y= z = 0}. The only charge vector is

)

%If the vectors{v;} are linearly independent, there will not be any charges. \dreat these cases i$i6.2.
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Thus the resulting toric variety &'. Analogously, Figur€ 3.6(H) shows the fan®t In general, the
(V| Q) matrix forP" is

1 .- 0|1 1
R e 1n 1
-1 ... =111 -1 .- -111

wherel, denotes ther x n identity matrix. The cones generated by every possible amatibn ofn
vectors are included in the fan. Thus we subtract only thgimfrom C™! because alltogether, i.e.
(n + 1) vectors, do not span a cone. We see also that every honmmgeneordinate is scaled by the
same factor as it should be.

We look at the last example. Let Figyre 3:6(b) be theXane.

1 0|10
-1 n|1 O
0 -1|0 1

wheren e N. Note that ifn = 0 we getP? x P1. Analogously taP! x P, the exceptional set is
ZX)={zn=2=0lU{zz =2 =0}

The (C*)?-action onC* — Z(2) is

2 Az 2\ (1°z
py Az, z| 1%z
~1h and ~17 .
Z3 A'z3 Z3 MZ3
z) 1%z 7 1z,

These complex surfaces parametrizedhlaye callecHirzebruch surfacesF,. There is another descrip-
tion of F,, as follows [BPvdV84, p.140] of [Ful93, p.8 and p.131]

Pl —_— P(ﬁpl &® ﬁpl(n)) 5

|

Pl

whereP(-) denotes the projectivization ovér of the argument, e.@" = P(C™!). We denote the trivial
line bundle oveP! by 01 = 0;1(0) and then-th power of the hyperplane bundle ov&rby ¢p1(n) as
in §2.3.

3.1.3 Properties of Toric Varieties

We describe in this section how one can reéicbooperties like compactness and smoothness from the
fan of the toric variety.

First, we discussompactnessA toric variety is compact if the fal fills the wholeNg, i.e. if the
union of all cones ik is equal toNg. We write

= = Ng. (3.5)
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Figure 3.7: Fans ofC?/Z? and Res(?/Z?)

The four simple examples discussedsif. 1.2 are all compact.

Another important property to discuss is thrmoothnessA toric variety is smooth if every cone in
the fan is generated by linearly independent vectors arifectors can be completed t@dasis of
N. This makes the task to resolve a singularity in a toric varemparably easy.

For a simple example see Figlre€l3.7. First, consider the tariety Xy, constructed front;. We
have one two-dimensional coreand two one-dimensional cones. Note thaf is not compact since
@3) is not satisfied. Furthermore the two vectarandv, do not constitute &-basis forz2. ThusXs,
is singular. It is actually the orbifol@?/Z,. We resolve the singularity by adding a generatgyi.e.
by subdividing o in two conesr; andr,. Now X, has two two-dimensional cones and their generators,
i.e. {v1, w1} and{vo, w1} form both aZ-basis ofz2. This is the blowup of the orbifold?/Z,. We will
describe non-compact Calabi-Yau orbifolds and their rggmis in§ [@.

This gives a rather simple criterion to test whether a far yidld a smooth toric variety [Gre96,
p.111]. We take a maximally dimensional cone and its geassaFirst, test whether the generators are
linearly independent. If they are, then calculate the deitggint of the matrix formed by the generators.
Do this for every maximally dimensional cone and if the absolvalue of all determinants is equal to 1,
the resulting toric variety will be smooth.

3.1.4 Divisors

In a toric variety the description of divisors is very simplad intuitive.

Let X be a fan and; the vectors irk fori = 1,--- ,r. We denote the toric variety constructed fr@m
by X. We assign a homogeneous coordirat® eachw;. As explained ir§ [A.G, there is an one-to-one
correspondence betweegnand divisorsD; of X. Let us consideD;. We have an isomorphisrn [CoX93,

§1]
[(X,[Dy]) = {21' Z [aml_[ Z,-<mm)},

I'TEPDlﬂM

whereI'(X, [D;]) denotes the set of global sections @] and
Pp, ={me Mg | (mv1) > -1 and{m,v;) > O fori > 2}.
As shown in[AY), theZm (am [1; 2”) part yields a divisor linearly equivalent to zero. Thus
D, ={zn = 0}.

This means that for eadh there is a divisor corresponding; which is defined by the vanishing of
the associated coordinate The linear equivalences betweBpnare given by the components gfas
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Figure 3.8: Fan of a Calabi-Yau toric varietiy

follows i

ZvijDi"‘o for j:l,"',n,

i=1

whereu;; denotes thg-th component of théth vector anch the dimension of the lattice. 1A it is
explained how this relation comes about. Egtdenote the-th row of (Q). As also explained i§ A2,
the rowsQ; can be seen as formal coordinatepf

3.2 Calabi-Yau Manifolds in Toric Geometry

Toric geometry would not play such a big role in string theibiitycould not produce Calabi-Yau mani-
folds. We will see two dterent ways how one can obtain Calabi-Yau manifolds in togimngetry. These
two methods produce non-compact and compact varieties@hcdabe very useful in string theory.

3.2.1 Toric Varieties as Calabi-Yau

Since topological and geometrical properties depend oifetihef a toric variety, we should be able to
read df the Calabi-Yau condition from the fan. Indeed, given the-dimensional generators of the fan,
we can easily see whether the resulting variety will be Ga¥al or not.

A toric variety X is Calabi-Yau if all one-dimensional generators lie on adrpfane. Without loss
of generality, the matrix\{() has the form

v11 o vgmer 1
S (3.6)
Uni *°° Unm-1 1

The canonical divisor oK is given by [Ful93, p.85]

Kx = —i Di,
i—1

whereD; is the divisor corresponding to the vecigr Using Kx and the linear equivalences described
in § 313, we can easily see why toric varieties wit) 6f the form [3.6) are Calabi-Yau:
n n

D uimDi~0= > Dj = —Kx ~0,

i=1 i=1
ThusKX is trivial. Figure[3.¥ an@318 show such fans. As one can $eekind of toric varieties are
non-compact. Thus it seems that it is of limited use for gtthreory and especially for model building.
However, for resolving singularities of orbifold modelkjst can be indeed very useful. Local models
of orbifolds can be described as toric varieties.§ [@ we will describe how to construct non-compact
Calabi-Yau orbifolds, how to resolve them and how one caainlihe intersection numbers of divisors.
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3.2.2 Calabi-Yau Hypersurfaces in Toric Varieties

SincecompactCalabi-Yaun-folds are needed for F-theory compactification, we haveotgamething
else. There is a method introduced by V. Batyiev [Bat94]. btaim a compact Calabi-Yau manifold,
we take a compact toric variety and construct a hypersurfdaeh is Calabi-Yau.

We first define the main object for this construction, tekexive polyhedronA € Mgy and itsdual
polyhedror@ A* € Ng. A polyhedron is calledeflexive if it contains only the origin as the integral
interior point. A pointp € A is called interior ifp is not lying on any face oh. The dual polyhedron is
defined as follows

A" ={XeNg | (Xy)>-1VyeA}. (3.7)

One can show that is reflexive tf A* is reflexive and that = (A*)* [Bat94, Thm. 4.1.6]. The pair
(A, A¥) is called areflexive pai. The toric varieties constructed from reflexive polyhedrare called
toric Fano varieties [MVo199, Def. 4.11 and Prop. 4.14].

Let A € Mg be a reflexive polyhedron antl* € Ny its duald. We construct the toric variety
from the associated fan(A*). Letr be the number of one-dimensional cone&{n*), i.e. we have
homogeneous coordinatas Let v; denote the generators of one-dimensional cones. The hyfsrs
defined by the following polynomial

p= > (am ;‘”‘””*1] (3.8)
i=1

meANM

is then Calabi-Yau. Now we look at the polynomjain detail. The sum runs over all integral poimis

in A. The product runs over al|. Note that the power of eachin the product is non-negative because
of 34). See appendXA.3 for arguments leading to the fofm. dt is shown there thap is a section

of the anticanonical bundle of. The codicient in front of the monomial§] qi’"”l can be chosen at
will like the codficients of the quintic irP*. As we will see in§ B4, the cofficientsa; form a part of

the complex structure moduli of the resulting hypersurface

There is one important issue to be discussed. Many toric Warieties and so their Calabi-Yau
hypersurfaces obtained this way are singular. Thus we waattleast partly desingularize the hypersur-
faceld. LetX be a singluar toric Fano variety constructed fremndX’ a desingularization oX. As we
will momentarily see, the desingularization procedurd add exceptional divisors t¥, i.e. additional
vectors tox. LetX’ denote the fan oK’. We have a natural projection

7T:Y —— X

of fans. The map induces a holomorphic map [Oda85, Thm. 1.13]
T, . X' —— X

We call a desingularizatioorepant if

(r.)"(KX) = KX, (3.9)

10The dual polyhedron is sometimes called padar polyhedron.

n the literature the pairA, M) is sometimes called reflexive pair and of coursg N), too.

121t would be more natural to denote the polyhedrorNin by A. However the other way around is the most common
convention which we also follow.

Bwe will remark later why we cannot completely desingulaitze

22



T1 T2
Figure 3.9: Triangulation of a polyhedron

i.e. if the pulled-back canonical bundle underof the singular variety is equal to the canonical bun-
dle of the desingularization. One can show that for toricd-earieties there exists maximalcrepant
desingularization which is called threaximal projective crepant partial desingularizationMPCP-
desingularization in the literaturg_[Bai94, Thm. 2.2.2Bpr this kind of desingularization we take all
integral points ofA*, i.e. A* N N, and construct the fan. However, ambiguities will occur @meral.
Figure[3.9 illustrates an example. Let's assume, the pdiatsn in Figurd-319 are integral points of the
polyhedron. Then there arefiirent possibilities to define cones over the faces. Two «felso-called
triangulations T, andT, are depicted in Figufe_3.9. The two triangulations will amsly yield difer-
ent fans. Thus after we have identified all integral pointa‘gfwe have to choose a triangularto
obtainZ(A*). In general, the resulting toric varie¥/ will still contain singularities, even after MPCP-
desingularization. However, toric Fano varieties will ton only quotient singularities, i.e. orbifold
singularities[[Bat94, Prop. 2.2.2, Def. 2.2.13, and ThrA.24]. We again take the polynomigl of the
form (38). This time, we have more generators because iagigdarization added a number of gen-
erators of one-dimensional cones. The resulting hypexse#’ will be in general smooth for ambient
toric varieties of dimension 4[Baib4, Cor. 4.2.3], i.e. &atYau threefolds constructed this way will be
in general smooth. For higher dimensions, e.g. for Calahi-féurfolds, the resulting hypersurfaces will
contain orbifold singularities in general since the ambteric variety contains orbifold singularities.

Note that Batyrev’s construction is manifestly mirror syetnt. One of the main consequences of
mirror symmetry is the symmetry betwe&fr! andh'! of Calabi-Yaun-folds. LetZ be a Calabi-
Yau n-fold constructed from a MPCP-desingularized fan assedi& a reflexive polyhedrofn* € Ng.
Batyrev has given combinatorial formulae for the Hodge neraiBat94, Thm. 4.3.7 and Thm. 4.4.2]:

h24Z) = 1(A) —n-1- Z 1*(®) + Z 1*(@) - I* (@), (3.10)
codimO=1 codim®=2
h1(Z) = 1(A*) —=n-1- Z I*(@*) + Z 1*(@*) - I*(®).
codim®*=1 codim®=2

We now explain each term in the formula®@:and®* denote a face ok and a face ofA* respectively.
We denote the number of integral pointsArby [(®) and the number of integral points in the interior of
® by I*(®). SinceA is also reflexive, le¥ denote the Calabi-Yan-fold constructed fron. As one can
easily see

h-11(z) = ht1(Z) and h*'(z) = "11i(2).

One could ask why we only look at reflexive polyhedrons. Taawbta Calabi-Yau manifold as a
hypersurface, we “just” have to take a section of the antinaral bundle and the second adjunction
formula does the job. What is so special about reflexive pmlypns? The point is that toric Fano

14The triangulation has to satisfy number of conditions tddygecrepant desingularization [Bai94, Def. 2.2.15].
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varieties have special type of singularieties such that &P CP-desingularization described above, we
end up with “mild” orbifold singularities. If the singuldi@s were too worse, we could not even apply the
adjunction formula. Furthermore, among other interestiraperties the anticanonical divisor of toric

Fano varieties is Cartier [Vo199, Def. 4.11], thus we caR &dout anticanonical bundle and sections of
it. It is now at least plausible why we only look at toric Fararieties and the crepant desingularization:

we want to preserve these “good” properties of the anticaabdivisor and do not want to destroy them
by desingularization.
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Sheaves in Algebraic Geometry

Geometry is magic that works.
René Thom,[[Tho42]

This chapter serves as a preparation for the discussioranébnoduli and complex structure moduli.
Since sheaves and sheaf cohomology play an essential ralgebraic geometry, they are unavoidable
for the discussion of the moduli. We introduce only the miairamount of new terms needed for the
discussion of the moduli.

4.1 Sheaves

One cannot think of the modern algebraic geometry withoaagbs. Here we give the definition of a
sheaf and look at several examples. For large part we foll@48, § 0.3].

A shedll is an abstract way of putting “things”, e.@-functions, holomorphic functions etc., on
a topological space. Although sheaves can be defined overajgnpological spaces, we restrict our-
selves to sheaves over compact manifolds. Mdie a compact manifold. Aheaf.” assigns to every
open seU of M an Abelian group denoted hy’(U) and to any two open sets C U a group homo-
morphism

lfuv - 5”(U) —>5”(V)

which is called theestriction map. The restriction map is conveniently writtetl, for o- € . (U) and
V c U. The restriction map has to satisfy three conditions:

1. For any three open séf¢ C V C U, we haveryw = ryw o fuy.
2. Foro € y(U U V) with oly = oy = 0, i.e.rUU\Au(O') = rUU\Lv(O') =0, we haver = 0.

3. For any two open sets; and U, and two elements of the corresponding Abelian groups
o1 € ¥ (Ug) andoz € #(Up) with o1]u;nu, = 02luinu, 1€ Tuuinu,(01) = Tu,usnu,(02),
we have uniq@elementf € .7 (U1 U Uy) such thatr|y, = o.

The Abelian groups’(U) is also called thaet of sectionsf . overU.

Now we look at some examples. The first exampl&’ts, the sheaf of6-functions. The set of
holomorphic and nonzero holomorphic functiofisand &* are also examples of sheaves and likewise
A and.Z*, sheaves of meromorphic and not identically zero meromorfimctions. The sheaf of
holomorphic functions oM is also called thestructure sheaf and is often denoted bgy. For our
purpose, the discussion of the brane moduli, the sheaf af &-forms of degree [§, g) denoted by
o7 PYis the most important example. For more examples[see [GH386].p

it's a translation of the French wofdisceau In German it is translated &arbe.
2The unigueness is a consequence of the second condition.
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4.2 Cohomology of sheaves

There are many WaEsto obtain cohomology of sheaves. We look at two of thédech cohomology
and cohomology through fine resolutions.
4.2.1 Cech cohomology

Sheaf cohomology can be defined purely combinatoriallyfaeexample[[GH/8B, p.38][I1BT82, p.110],
or [Kod8€, § 3.3.(b)]. LetM be a compact manifold and’ a sheaf orM. Let il = {U;};; be an open
covell of M. We call a set

{oi € L(Uj) | Viel}

a 0cochainc® respect tal. Thusc® assigns to eactl; an elementr; € .#(U;). A 1-cochainc! is a set
{oij € Z(Uin U | Vi, j € 1 with Ui 0 U # 0}
with oij = —cji. LetUj,_j, denote the intersectiodi, N --- N U; . Generally, go-cochain cPis a set

{Tig..ip € ' (Uig..ip) | Yio,....Tp € 1 with Uiy i, # 0}

whered,_j, are antisymmetric in all indicess, .. ., ip. The set of allp-cochains with respect td we
denote byCP(U, .¥).

We now want to define a map analogousdtfor differential forms to be able to do cohomology
theory. Therefore, we define tikeboundary mapsP for p> 0

sP-1: cPl(, ) —— CP(U,.Y) .

LetcPl= {O'il__ip} be a p — 1)-cochain, then

P .
P11 _ sp-1 {O-il...ip} = Z(—l)l O'io,,jj,,,ip|ui0___ip
j=0

~fri)

=cP? e CP(U1, ),

where the index with a hat is omitted. Note that the index gfoes from 1 tap, i.e. we havep indices.

For r the index goes from 0 tp, thus we havep + 1 indices. Because of the facterX)!, the resulting
p-cochain is antisymmetric in its indices. It follows thaP{* o 6P)cP = 0 for all cP. Thus we obtain a
cochain complex

coL,.7) =2 C,.7) s 20, 7) —s
As usual, we consider the set of exgetochainsZP(l1, .’) which is the kernel o6, i.e.,
ZP(1,.7) = {cP e CP(U, .#) | 6PcP = 0} = KersP.
Theg-th cohomology groupi9(1,.#) is defined as follows

HIQL, ) = 729U, .7) /647 1CO L, .7) = Ker 69/ Im 6972,

3Seel[Har7l7, p.201] for a list and references for each approac
“To be more precise) has to beocally finite. See for example [Kod86§ 2.1.(c)]. However, since we consider only
compact manifolds, this is irrelevant.
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Note that we seH°(21,.%) = ZO(, ). The zeroth cohomology group can be described infemint
way. Letc? = {o} € Z°(1,.%). Then

i — Oj =0= o =0j in Uij for Uij = 0.
This simply means thaf is a global section af” on M. Thus
HO(L, .7) = T(M,.%).

Everything so far has been defined for a fBed However, one can obtain well defined cohomology
groups ofM with codficients in. denoted byH%(M, ) which do not depend oHl. One considers
a limiting process, wherl becomes “infinitely fine”[[Kod86, p.117]. We cafl'(M,.¥) thei-th sheaf
cohomology group o€ech cohomolog)grou;ﬁ.

4.2.2 Fine Resolutions

Let M be a compact complex manifold aida complex vector bundle ovéM. Let & (E) denote the
sheaf of local holomorphic sections @& It will be crucial to be able to determine the cohomology
groupsHY(M, &u(E)). Since there is no worry for confusion, we writé(M, E) for H'(M, &u(E)).
Fine resolution is a convenient method to calculate thesaps. We first discuss fine sheaves, fine
resolutions, and then the Dolbeault theorem [Hir§2,11 and§ 15] or [Kod86,§ 3.4].

We will not give a precise definition of fine sheaf but refer to [Hir/8,§ 2.11] or [Kod86, Def.
3.13]. It is suficient for us thatzZP9(M) are fine sheaves. There is one important property of fine
sheaves which is relevant. Lef be a fine sheaf. Then

H'(M,.#)=0 ¥n>1 (4.1)

Note that for a sheaf to be fine implies this property, but inegal not vice versa.

An exact sequence of sheaves

h ho

0 7 S S (4.2)

is called aresolution of . if
HYM, ) =0 for gq>1 and p=>0.

A resolution is calledine if .7}, are fine sheaves fgr > 0. Itis therefore clear that i/}, are fine for all
p > 0 and we have an exact sequence of fdrml (4.2), then this segien resolution because b {4.1).
We applyI'(M, -) to the fine resolutior {41 2) to obtain

0 1 2
00— T(M,.%) —“ 5 (M, .7) —s T(M, .54) —s T(M, .%5) — s - .. | (4.3)

a sequence of global sections which is in general not exdids dequence is a cochain complex since
hf+1 o h? = 0. Thus we can consider its cohomology groups. The main mibnsidering fine
resolutions is that surprisingly

HO(M,.7) = Kerh?,
HY(M,.#) = Kerh/ Imh%™* for q>1,

SHowever,H°(1l,.¥) is independent off sinceH°(ll,.%) = I'(M, ).

5To be precise, the cohomology of sheaves is defined by imgeotisolutions, see for example [Har77, AJd04, Ban07].
One can show that these groups are canonically isomorphie@ech cohomology groups for paracompact spaces [Ban07,
§ 1.2.2]. We only consider sheaves on compact spaces. Thoestribt matter for us.
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i.e. theg-th cohomology group of the complex4.3) obtained from a famolution [Z.R) is isomorphic
to the cohomology groupld(M,.¥) defined as ir§ £2Z1. Note that the zeroth cohomology group is
not defined as Ke®/ Im h, as one might assume, but as Kér Thus the cohomology groups of are
determined from the complex

h? ht h2 h2
0——TIT'(M, ) ——T(M, 1) —— T (M, %) —— T(M, S3) — - - - .

If we have a fine resolution fof(E), we can determine its cohomology groug$(M, E) as de-
scribed above. Do we have a fine resolution#yf(E)? The answer is yes.

First we consider the cage = A\PT*M. As mentioned abovey »%(M) are fine. Furthermore the
so-calledd-Poincaré lemmal[GH78, p.25] tells us that

0—— OM(APT*M) —— &PO(M) 2= o/ (M)PL 2= 7P2(M) —"— ... (4.4)

is exact, where the mayis the embedding oy (AP T*M) in 7 PO(M). We call [£%) theDolbeault se-
qguence Thus we have a fine resolution féi, (AP T*M) and the cohomology groug$3(M, AP T*M)
can be obtained from the complex

O—>Ap°(M)—>Ap1(M) p2(|v|) Ap3(|v|) .-
where we writeAP9(M) for I'(M, &7 P9(M)). This is theDolbeault theorem Let
ZPY(M) = {a e API(M) | 5a = 0}.

Then B
HIM, AP T*M) = ZP94(M)/dAPEL(\W).

The Dolbeault theorem shows also that
Hq(M, ApT*M) =~ Hp’q(M).

We can do even more. L& be a complex vector bundle dvi. The following sequence is a fine
resolution [Hir78, p.119]

0—— OM(E® APT*M) — &7/PO(E) —— &/ (E)Pt —— &/ P3(E) —— ..., (4.5)

where.# »9(E) denotes the sheaf of local sections of typeq) with codficients inE. For complex
structure moduli oMM, the bundleE will be T M. We get from[(4b), applyingf(M, -), the complex

0—— APO(E) —— APY(E) —>A92(E) AP3(E) ——
where we write as befor&P9(E) for I'(M, «7P9(E)). Let as usual
ZPY(E) = {ae APY(E) | a = 0}.
We obtain the cohomology groups
HYM, E® AP T*M) = ZPIY(E)/0APIL(E).
Settingp = 0, we finally get
HI(M, E) = Z°%9(E)/0A%TL(E).

28



F-Theory

| am your father.
Darth Vader, Star Wars Episode V: The Empire Strikes Back

We want to do model building within the framework of F-thef¥af96]. In this chapter we review
the concepts of this particular theory and its orientifaidil. We also discuss the brane moduli of the
theory.

5.1 Basics of F-Theory

F-theory non-perturbatively describes consistent corditippns of type IIB string theory with D7-branes.
To motivate F-theory, we first look at the SLEA-symmetry of massless bosonic fields of type 1IB
string theory. In the NS-NS sector we have the mefki, the B,-field and the dilator. The vacuum
expectation value of the dilaton serves as the string coggonstanys when it is exponentiated. From
the R-R sector we have theform fieldsCp, with p = 0,2,4. We focus on the fieldg andCy. We
combine the dilaton an@y into a complex fieldr

7=Cp+ ie™?

which is called theaxiodilaton. The SL(22Z)-symmetry is conjectured to be axactsymmetry of the
type 1IB string theory. LeT denote the matrix

(é 1) € SL(2Z)

which generates SL(Z) together with another matri®
0 -1
1 0/

ar+b Fz—7tHs . a b
— P d s F3 - TH3 g m W|th (C d) S SL(Z, Z),

The symmetry group acts as follows

whereF; is the field strength of, andHj3 the field strength oB,. The form fieldC4 does not transform
under the SL(2Z)-symmetry. Let us compactify the nineth and the tenth disi@monP? with the com-
plex coordinatez sinceP?! is the simplest compact complex manifold. If we assume thaft7-branes
fill the non-compact dimensions, it will be a point in the imt&l manifold. Letzg be the coordinate of a
D7-brane. D7-branes are magnetically charged u@gef his means that

Co—-Cr+l=1-o1+1 (5.1)
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if we go around a path encircling the D7-brane. Thus in thghm®rhood of the D7-brane has the
form

7(2) = % In(z - 2). (5.2)

We have a highly non-perturbative situation: The stringpdimig is not constant, but it even has a
logarithmic singularity at the position of the D7-brane.eTthansformation{5l1) of when we encircle
Zy is called anonodromy. The monodromy can be realized by an SiZptransformation if we act with
T ont. The SL(2Z)-symmetry contains also the strong-weak duality sincegtheeratolS transforms

T as follows 1

T ——.
T

A general SL(2Z) element transforms a D7-brane, which has the chargh),(hto a 7-brane with a
general chargep( ) with p,q € Z. The (p, g)-branes are perturbative D-branes on whiprqy-stringﬂ
can end[[Vai96, p.4].

As we can see fronf.{3.2), at the position of the 7-branes thefishows singular behaviour. Since
SL(2 Z) is the symmetry group of a torus, we interpret the complell fireas the complex structure
modulus of a torus [Vaf96] which means that we have féedént torus on every point of the internal
manifold. Degenerate tori, i.e. singular fibers, signal phesence of 7-branes. This brings us to the
concept of elliptic fibration which will be discussed in deta the next section. F-theory can be seen
as a twelve-dimensional theory which, compactified on aptihlly fibered Calabi-Yawn-folds for
n= 12,3, and 4, consistently and non-perturbatively describedype 1I1B theory with 7-branes. The
additional two dimensions correspond to the torus on eadaft pbthe internal manifold. The elliptic
fibration is a beautiful way to geometrize the SJZ2-symmetry and 7-brane configurations.

5.2 Elliptic Fibration

To work with F-theory, it is crucial to understand a speciaddtion structure, the elliptic fibration. L&t
be a compact complex manifold of complex dimensiaril his manifold will serve as the base manifold
of the fibration. In most cases we will hame= 3 to obtain a Calabi-Yau 4-fold.

5.2.1 Fibration

First, we abstractly define thaliptic fibration . Let 7g : E—— M be a holomorphic fibration o
with an elliptic curve, i.eT?, as its fiber. This means

T2— S E
-
M

and Figurd 511 illustrates this.

An elliptic fibration has a sectidfo
E

D"

M

1See[[Pol98§ 13.6 ands 14.1] for a treatment off, g)-strings.
2Note that a fibration with complex curve of genus one as its filses nothave to have a section. SEe [DOPW§2.1]
or [Sha96, p.206].
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Figure 5.1: At every point of the base manifold we have a torug? as the fiber. The tori
will be different from point to point and there will be even degenerate to

with 7 o o~ = id. We naturally identifyM with its image undetr, i.e. the subvariety-(M) of E. From
now on we writeM instead ofor-(M).

To analyze the elliptic fibration, the above form is nearlglass. Thus we should try to find a more
explicit form of it. This is called th&Veierstraf? form of E which we denote bWe. We follow [Kas/T].
See for example alsb [FMWB?3,2.2] or [DHOR04,§ 2]. Consider &2-bundleP over M

P2—>IP(6’M®L2@L3): P,
-
M

where we writedy, for the trivial line bundle andl. is a line bundle oveM. HereP(-) means the projec-
tivization overC* of the argument.

Let furthermoredp(n) denote than-th power of the inverse of the tautological burﬁd@:(l) overP.
Then
Op(n) ® ﬂ';;Lm

is a line bundle over P for any, m € Z. Note that sections ofp(n) ® 7,L™ can be viewed as polyno-
mials of homogeneous degreén P with codficients inL™.

We can now describe the WeierstralR form of the fibration. hisis of
1. aline bundlel over M,
2. two sectiond ¢ F(M, L6) andg € F(M, LG),

wherel (M, L") denotes the set of global sections frduinto L".

3SinceP is the projectivization of the three plane bundfg @ L2 @ L3, the “god-given” tautological bundle is defined
analogously té@".
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There are three canonical sections,

xeT (P.Op(1)®1pL?).
yE F(P, Op(1) ®7Z'T;L3),
2T (P, Op(L)).

These sections restricted to the fih@l(m) =~ P? for m € M correspond to the normal three homoge-
neous coordinates @F.

The elliptic fibration can be now described as the zero lo¢@sumique sectiom
pel (P op@)@mpl?),
i.e. as a divisor irP. The sectioru has the form
p=y2- 3¢ = mp()xZ - 7p(9) 2,
We can write down thdiscriminant of Wg
A =43+ 275 eT(M, L)

whose zero locus gives the location, where the fibration fpesosingular, i.e. the position of the 7-
branes. Sincé only depends orf andg, the brane positions, i.e. the brane moduli, depend onl§y on
andg. In explicit examplesf andg will be polynomials and therefore also the sectiowhich we call
the Weierstrald polynomial. This means that polynomial deformations of the Weiersgralfgnomial
correspond to the brane moduli.

5.2.2 P;,3-Fibration

TheP; 23-bundle description, i.e. the weighted projective spadé weights (12, 3) as fiber, is equiv-
alent to theP,-bundle description [MVY6, p.12]. For toric geometry cauastion of elliptic Calabi-Yau
n-folds theP; » 3-bundleP is better suited thah?-bundle. We consider the bundle

Pl’z’g —P
p
M
with three sections
xeT(P.Op(2) @ mpL?),
yeT(P.Op3)®mpl?),
zel (P, ﬁp(l)) .
The sectiornu whose zero locus describes the elliptic fibration has the for
pu=y? - - mp()x2 - mp(9)2,

where f andg are sections i andL®, respectively. The discriminant has the same form as in the
P2-bundle case.
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5.2.3 Elliptically Fibered Calabi-Yau

If we want to obtain an elliptic Calabi-Yal, we have to choose the line bundle for the sectibasdg
appropriately. The line bundle™! is the normal bundle of in E [Asp9§, p.80], i.e.,

L™t = NgM.

It is now easy to construct aglliptically fibered Calabi-YauWe apply the second adjunction formula
to obtain
KM = (KE®[M])Im

from which we get the first Chern class

c1(KM) = ¢y (KE) + ca([M]) = —c1(L) = c1(M) = c1(L) (5.3)
since we wank to be Calabi-Yau. Thus we obtain= KM, If we choose the line bundleto be the
anti-canonical bundle df1, we get an elliptically fibered Calabi-Yau manifold.
5.2.4 Elliptic Calabi-Yau Fourfolds in Toric Geometry

For application in the F-theory we need an elliptically fisbCalabi-Yau fourfold. For this construction
we follow [KLRY98]. As we have seen, we need a threefold aifd gs-bundle over it.

First, we look at how fibration is realized in toric geometBonsider therefore) of the form

Vi |V
o) (5.4)

whose toric variety we calK. Let furtherX; and X, denote the toric varieties constructed fréfnand
V, separately. We obtain a fibration of the form

X2—>X

|

X1

from {532 whereX; is the base ani; is the fiber. The components vfdetermines the fibration struc-
ture. ForV = 0 we get a direct product. We have already looked at two exesngf this kind P! x P*
andF,. If we look at the ¥/ | Q) matrices[[311) and(3.4), we immediately see such a strictu

Since we want to usk » s-fiber, (V) will be of the form

1 O
[o 1]. 59
-2 -3

;

which scales the homogeneous coordinates appropriatél;)lis the matrix of vertices for toric Fano
threefolds, one can easily givé suited for our purpose in terms d¥{) and {/») [KLRY98| Sect. 5].
Note that toric Fano threefolds are completely classifiedouigomorphism and there are 18 of them

The charge vector foMy) is
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[Oda85, p.90]. Let us denote them By with n= 1, ..., 18. Now we determin® such that the Calabi-
Yau hypersurface in the toric variety constructed from tblyipedron whose vertices are the rows\dj (
is elliptically fibered. Letj; with j = 1,...,5 denote thg-th component of théth row of (V1). Note
that we already have fixed these componentg ferl, 2, 3 by choosing the base to be one of the We
set

via = —2(vi1 + viz + viz — 1)
vis = —3(vi1 + vi2 + viz — 1). (5.6)

The resulting Calabi-Yau hypersurface constructed asnewtlin § B.2.2 will be elliptically fibered.

5.2.5 Gauge Enhancements and Singularities

In F-theory, we can readitthe gauge symmetry enhancements due to 7-branes fromfiibeedt types

of singularities of the elliptic fiber. As it is well known, owident branes give rise to enhanced gauge
symmetries. Colliding singular fibers corresponds to ddierat 7-branes and thus one expects enhanced
gauge symmetries. For the elliptic K3 Kodaira has given apieta classification of the singular fibers
[Kad63, Thm. 6.2] or[[MV96 § 3.1]. These singularities are of typdE: for example am, singularity
gives the corresponding, Lie algebra as the gauge enhancement and analogously athge groups
corresponding to the Lie algebrBs,Eg, E7, andEg. For higher-dimensional compactifications no such
classification exists. However, there aféods to determine the gauge enhancements directly from the
polyhedron of Calabi-Yau hypersurfaces in toric variefleBR9 7| PS97, CF98].

5.2.6 Elliptic K3

We will now go through every detail of the most simple, yet #tiovial example of elliptic Calabi-Yau,
namely elliptic K3. Since the K3 is a Calabi-Yau 2-fold, thesk is complex one-dimensional, .
Using [5:3), [556) and{8.6), we construct the matkify ¢f the suitableP; » 3-bundle ove! and choose
a set of charge vector€}j

U1 w1 10
U2 w2 10
=lvz|—>| x| and Q) =|4 2|,
v4 Y 6 3
Us z 0 1

where we have assigned the coordinates #,, X, y, 2 to the vectors. The vertices of the reflexive
polyhedronA* are as follows

1 0 O
-1 -4 -6
0O 1 Oof
0 0 1

All integral points ofA* are given in[[AID). We now construct the fA(*). For this purpose we have
to choose a triangulation becausglies on a face ofA*. However, as Figure_3.2 shows, there is one
unique triangulation. Note that the origin being an integoint is not used for the triangulation. Table
shows all six three-dimensional conex@h*). All the faces of those three-dimensional cones are
also contained ix(A*). The exceptional set is as follows

ZEA) ={wr=wr=0U{x=y=2=0}.

We construct the toric varieti{z(s-) from Z(A*) as outlined in§ B2 It is clear thaXs- contains
singularities since there are integral points of the pallybe not taken into account. One can also check
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U4
U2

U5

U3

Figure 5.2: Triangulation ofA* of K3. The vectors1, v,, v3, andv, form a tetrahedron with
v; at the top. The vectas lies on the line between andu,.

(v1,v3,v5) | (v2,v3,05)
(v1,v3,04) | (v2,v4,05)
(v1,va,v8) | (v2,03,04)

Table 5.1: Three-dimensional cones BfA*) of K3

this directly by calculating the determinant of the gerensbf the three-dimensional cones.

To obtain the polynomial defining the Calabi-Yau hyperstefave need the dual reflexive polyhe-
dronA. The vertices ofA are given by

11 -1 -1
-1 2 -1
-1 -1 -1’
-1 -1 1

Although the calculation of the dual polyhedron and its gméd points can be done by hand in a fi-
nite amount of time, even for higher-dimensional polyhedronve use the computer prograaLP of

M. Kreuzer and H. Skark&IKS0D4]. There are 39 integral paifits including the vertices. These points
are listed in[[A11). All possible monomials are listed irblel5.2. Thus the polynomial defining the
Calabi-Yau hypersurface is

8
p= Aly + A + [Z C,wlw2 )XZZ2 + [Z d,wlw2 }XZ4 + [Z awlw i}yz3
+ [Z fiwl w3 ] Xyz + [Z giwhwi® ']
i=0

= Ary? + AoXC + AsXPZ + Aux? + AsyZ® + Asxyz + A2,

where
A = Ai(wl, w2) for i>3.
Compfeting the square fgrand then the cube for, we get

3
p=A(y+B1)?+ Az(x+ %Bzzz) +Ag(Bs - B§)(x+ %Bzzz)z“
o5
27
= Ay + Apx® - f(wl,wz)X'Z4 — g(w1, wp)2",

Pops , P = Ba(Bs - By) + B4)26
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12 442 0,2
w1w2XZ4 w1w2 7l wlw2y23 wlw X272 wiw5XyzZ

2 2.0
wleXZ4 w1 w225 w1w2y23 w1w2X22 wiwsXyZ

x3 y?

Table 5.2: Possible monomials for elliptic K3

where
1 1 1
B, = — (AsZ B,= — A3 — —A2
1 2A1(5 +A6XZ) , 2 A2(3 4A1A5)’
1 1 1
= —(As- =—A Bs=A;— —AZ
Az(A4 A, 5A6) , 4 = A7 A,
and

1
X’=X+§Bzz2 , y'=y+Bl.
Rescalingy’ andx’ and writingy andx respectively, we finally get the Weierstral polynomial
p= y2 -3 - f (w1, wo)xZ — g(w1, w2)26,

where f (w1, wy) andg(wy, wp) are homogeneous polynomials of degree 8 and 12. This niitglthe
general discussion of the elliptic fibration. The canonimahdle of P! is ¢ (-2), thusL = Op1(2).
Since the polynomiaf andg are of degree 8 and 12 respectively, we have

f el (P, 6p(8)) =T (PL,L*) and geTl (P! 0p(12)) =T (P, LE).
This is exactly the compactification described in[Vaf9ehe™iscriminanh = 4f3+274° € F(Pl, ﬁpl(24))
is a polynomial of degree 24. This means that we have 24 7ebran
5.3 The Orientifold Limit

We have seen that the F-theory describes a consistent -boafiguration of type IIB string theory. In
this section we describe how one can obtain the type |IB tfedtd compactification from the F-theory.
We only consider &,-orientifold.

We start with an elliptic Calabi-Yau 4-fold. Let M be the base manifold anfd F(M, L4) and

g € T'(M, L) the sections. We now describe the so-callesbk coupling limit [Sen97 [ Sen9s]. We
rewrite

f = —3h% +Cn,
g = —2h% + Chy + C?y,

whereC is a constant and
her(M.L?) . ner(M.L* and yel(MLE).
Thus
= C?[n? (4Cn - 9h?) + 54n(Cn - 21%) y + 27C2%?].
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We now take the limit
C—-0
= A~C? (—9h2) (7]2 + 12‘1)() .

One can show that in this limit the string coupling constangrall in most of the base manifold
except, wheréh| ~ |C[*/2, thus justifying the name. The zeroes/ofre at

h>=0 and n?+12hy = 0.

By computing the monodromy around zeroegdf 12hy, we see that these zeroes represent D7-branes.
Sen also calculates the monodromy arotfd 0 and shows the zero locus locorresponds to orien-
tifold 7-planes. In his calculation Sen shows that the difield 7-planes are formed by two 7-branes in
the weak coupling limit. In other words, the orientifold &pes split into two 7-branes if we go away
from the weak coupling limit.

We can give the original Calabi-Yau threefold which woulgegthe above orientifold. Letu(£)
denote the coordinate &f whereu denotes the coordinates bf. Let X denote the submanifold in the
total space of the bundle defined by the equation

£ =h.

This manifold has &,-isometry since
olé—— =€

does not changX. Let D denote the zero locus bfe I’ (M, LZ). The fixed point set of- is preciselyD
which corresponds to the orientifold 7-planes. Tkus the double cover o1 branched oveb.

From type IIB string theory point of view should be a Calabi-Yau manifold. Let us find out when
this is the case. For a general double coXef M branched over a zero lociisdefined by a section of
a line bundlel.? we have the formuld [GH88, Prop. 2]

KX =" (KM®L),
wherer is the projection map fronx to M. If we demand thak is Calabi-Yau, we obtain
ci(KM) = —ci(L) = (M) = ca(L)

which coincides with[{5]3). Thus # is Calabi-Yau, theiX is Calabi-Yau, too.

5.4 The Brane Moduli

The stabilization of 7-branes is a very important topic femgealistic models. We have seensii. ]
that the brane moduli are encoded in theffionts of the Weierstral3 polynomial, i.e. the brane moduli
correspond to polynomial deformations of the Calabi-Yapdrgurface. In this section we show the con-
nection between the polynomial deformations and the caxgiteicture deformations of the Calabi-Yau
fourfolds using the techniques describeds 8.2 and the Kodaira-Spencer theory of complex structure
deformations[[KS58a, KS58b] dr [Kod86]. This was done fopéngsurfaces i®" in [KS580)].

The infinitesimal deformation of the complex structure otaeral complex manifold is described by
the sheaf cohomology groug'(M, T M). In general, there arebstructions such that not all elements
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of HY(M, T M) can be used to deform the complex structure. However, fétallt¥au manifolds the
Bogomolov-Tian-Todorov theorem[Tia8€] guarantees that every element-of(T, T M) corresponds
to a deformation.

Calabi-Yaun-folds have a holomorphic volume for@which can be used to define an isomorphism
[HuyO4, p.261] or|[Joy00, p.142]

n:APTM—— A"PT*M.

We have the fine resolutioh{4.5) for the shéaf(TM® AP T*M)

0—— OM(TM APT*M) —— &/PO(T M) _3, o/ PLT M) _9 o/ P2(T M) _a
With the isomorphismy we can replacd@ M in the resolution

0—— OM(A\" ' T*"M @ A\PT*M) —— &/ POYA T*M)
3

ﬂp’l(/\n_lT*M) 9 5 dp,z(/\n_lT*M)—5>... .

Settingp = 0, we get

0—— O(A™IT*M) —— ™ 1OM) —Ls LMy —2 sy 22y~ (5.7)
since/%9(AP T*M) = o7 P9(M). The sequenc€&B.7) is just the Dolbeault sequence. Thygtve
H™(M, T M) = H™2™(M). (5.8)

The complex structure moduli of Calabi-Yau n-folds are désd by the Dolbeault cohomology group
H™L(M).

Let X denote the ambient toric Fano variety of complex dimensiaoristructed fronE(A*) andZ
the Calabi-Yau hypersurface K. Following Kodaira and Spencer [KS58a, (12.14)], we havaats
exact sequence

0—— 02(T2) —— 02(TXlz) —— 02([Z]|z) —— 0.

Note that we obtain this sequence applyifig(-) to the normal bundle sequend¢e2.2). As usual, we
obtain a long exact sequence of cohomology groups from a ekact sequence

0—— HO%Z TZ) — HY(Z, T XIz) —=— H(Z, [Z]I2)
50

HYZ T2 —— HYZ TXz) = HYZ [Z]lz) — --- .

Unfortunately, the connecting homomorphisftis in general not surjective. As we will see, this means
that there are complex structure moduli which do not stemmfitee polynomial deformations.

The aim from now on is to determintg®(Z, TZ), H%(Z, T X|z), andH®(Z, [Z]|,) to see why polyno-
mial deformations have something to do with complex stmgctaoduli.
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First we turn toaH%(Z, T Z). We have already shown in(5.8) tha?(Z, TZ) = H30(2),i.e. HY(Z, TZ2) =0
sinceH39(Z) = 0 for Calabi-Yau fourfolds.

Using the first vertical exact sequence[of [KS58a, (12.18)]
0—— HOYX, TX) —— HY%Z TXz) —— 0,
we getHO(X, TX) = HO(Z, T X|z).

Now we try to understan#éi®(Z, [Z]|z). There is an isomorphisri [Cox93, Prop. 1.1])

HO(X, [Z]) = { Z (aml_[ %_(TTLviHl]}’

meANM
between global holomorphic sections of the line bundleand the polynomials built from the mono-
mials [T; ;.““”i)*l. The second vertical exact sequence_ of |[K$58a, (12.17)jHeaform

0—— HO(X, 0x) —— HO(X, [Z]) —— HY%Z [Z]I2) (5.9)

HY(X, Ox) — HY(X[Z])) — HYZ [Z]lz) — -+ ,
wherelx denotes the structure sheafXfAs it is shown in[[Cox93, Prop. 1.2.(1)],
HO(X, %) = C. (5.10)

Using [Oda8b, Cor. 2.8]
HI(X, 0x) =0 vq>0,

we obtain
HY(X, Ox) = 0. (5.11)

Plugging [EID) and15.11) int&(%.9) gives us following ghexact sequence
0—— C—— HOX,[Z]) —— H%(Z [Z]lz) — O.

Thus we have
HO(Z.[Z]Iz) = H(X,[Z])/C.

where we will momentarily explain the modding out Gyintuitively.

We put everything together and obtain the exact sequence

0 —— HO(X, TX) —=— HO(X, [Z])/C LN HY(Z T2). (5.12)

Now we see why polynomial deformations correspond to at Eeaabset of the complex structure mod-
uli. Because the sequence is exact the mais injective, we can mo#H°(X, T X) out of HO(X, [Z]) /C.

If additionally the maps® was surjective H1(Z, T Z) would have been isomorphic to the quotient of
HO(X, [Z])/C by HO(X, T X). However, since it is not surjective, in general the qurti the two coho-
mology groups only forms a part of the complex structure ntiodiu contrast to the toric construction,
for the ambient spac®’ with n > 3 and the degree of the polynomial bigger than 3, all compiexcgire
moduli come from the polynomial deformations [KS58b, Thr.2].
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The appearance of the three cohomology groups can be umoiistuitively. If we want to count
the number of possible polynomial deformations, we do thiewding: we first count the number of
monomials. This number corresponds to ¢i¥(X,[Z]). Since the zero locus, i.e. the hypersurface,
does not change if the polynomial is multiplied by a globaitda, we subtract 1. This is the intuitive
reason why we mod ou from H°(X, [Z]). Then we subtract the number of coordinate transformatio
which leaves the hypersurface invariant, i.e. the numbarfimiitesimal automorphisms which is the Lie
algebra of the automorphism group Aj(of the ambient spac¥. SinceH%(X, TX) = Lie(Aut(X))
[Oda8%, p.135], we also see this in the final exact sequéna)(5rhus we obtain the exact sequence

0 —— Lie(Aut(X)) — {Emearm am [ 2™}/ € — H3%(2).

This exact sequence and the formula for the Hodge nuribdll)(3.1

h24Z) = 1(A) - 1-n— Z I*(®) + Z 1*(®) - I"(®%)

codim@=1 codim®=2

give the number of the complex structure moduli which do tetnsfrom the polynomial deformations.
The dimension of Lie(Aui)) is [CK9Y, Prop. 3.6.2]

dim(Lie(Aut(x))) =n+ > 1%(©).
codim®=1

The number of possible monomials is obviously equa{A). Thus the number of the moduli which do
not correspond to the polynomial deformations is

Z (@) - I*(©%).

codim®=2

The -1 in the formula for the Hodge number again corresponds tonibeding out ofC.

Since we now know that brane moduli form a part of the comptaxcture moduli of the fourfold,
we “just” have to stabilize two kinds of moduli: the complexusture moduli and the Kahler moduli.
This is a big advantage over type IIB model building. Thehe, trane moduli constitute an additional
class of moduli. In the F-theory, if we are able to fix the coex@tructure moduli, the brane moduli are
fixed automatically.

5.5 Gukov-Vafa-Witten Superpotential

As we have shown in the previous section, we have to staliieecomplex structure moduli of the
fourfolds used to compactify the F-theory in order to siabithe brane moduli. There is a perturbative
superpotential calleGukov-Vafa-Witten superpotential [GVWO0]. It involves a 4-form fluxG and
has following form for the fourfold
1
W=— | QAG,
5 )

whereQ is the holomorphic 4-form oZ. It can be shown thas is a (2 2)-form [GVWO0Q), § 2.4]. Thus
after we have chosen a fl@& e H4(Z, Z), the complex structure, represented by the holomorpliar -
Q, is adjusted such th& is of degree (22) with respect to the adjust€dl We see that the Gukov-Vafa-
Witten superpotential generically fixes the complex stitetof Z, thereby stabilizing also the 7-brane
moduli.
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Heterotic Orbifolds

[...] I'was initiated into the mysteries of distributions
by being told by a graduate student that physicists had Usemh t
but understood nothing important about them.
Only an innovative and brilliant mathematician
like the idolized Laurent Schwartz could make sense of thsigikts’ nonsense.
Karen Uhlenbeck/[A94]

There is one very popular way of building models which useshtiterotic toroidal orbifolds. The aim

of this chapter is to provide toric geometry techniques tolgtsuch models, hamely the resolution of
non-compact Calabi-Yau orbifolds. Other references itigatrbifolds in toric geometry context are

[MOP81,[Asp94[ LRSS06]. Additionally, we give one propokalv a sensible intersection theory for
non-compact manifolds can be defined.

6.1 Why Toric Geometry and Resolutions?

Heterotic orbifold models are very attractive since alne&rything is calculable, e.g. the full spectrum
and various couplings, because heterotic string theoryrbifiotdls corresponds to a sum of free con-
formal field theory. Additionally, using orbifolds lik€3/Zg_, it is possible to build models close to
the minimal supersymmetric standard model [IBHLRO5, FNVINKRZ05,/L"0/]. However, it is often
the case that these models are not stable due to the FI-tB&WE8 7,/ DIS8F] and it is believed that
the theory is driven to a point in the field space, where thepamtification is smooth and one has a
non-abelian gauge background.

The best way to study these models would be to directly bloshagompact toroidal orbifolds, but
an explicit blowup is not yet known. Therefore we look at latedels of these orbifolds which means
that we only look at one patch containing one fixed point. €Hesal models are described BY/Z,
which are non-compact Calabi-Yau orbifolds.

The resolution of an orbifold is a continuous process andiels & cannot alter topological proper-
ties of the theory, e.g. the chiral spectrum. Additionaillythe large volume limit, i.e. when the sizes
of the exceptional cycles are large, all the higher excitatican be neglected. This means that we can
approximate the theory by the super Yang-Mills theory cedpb supergravity. I JGNTWO07] it was
shown by using this approximation on explicitly constractldowups ofC"/Z,, with U(1) gauge back-
ground that their chiral spectra could be recovered. Simedlowup was explicit, including the metric,
it was possible to calculate all the necessary numbersthieéntegrals over various Chern classes of
the tangent bundle. However, for more complicated orbf@d explicit blowup is not yet known.
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Using toric geometry techniques, one can still extract ghanformation to obtain the chiral spectra
of heterotic models on the resolution. To obtain the spaggaeed intersection numbers of divisors,
also those of non-compact divisors. In this chapter we farutoric geometry techniques, i.e. how to
construct the orbifolds, how to resolve them, and how oneatempute the intersection numbers. In
addition, we propose that intersections of divisors in nompact toric varieties can be defined.

6.2 Toric Geometry Description of Orbifolds

We first want to describe how one can obtain the fan for nonpaminCalabi-Yau orbifolds of tyﬂe
C3/Zn.

The fan ofC3/Z, has one three-dimensional cone which is spanned by thréerseand all of its
faces. If we would naively apply the construction outlined B2, we would obtaif® because there
are no charges and the exceptional set is empty. If no chargegresent, we determiri@ = N/N’,
whereN’ = Zv1 + Zvp + Zvz. SinceN’ is a sublattice ofN, G will be a finite discrete group. The toric
variety is constructed as

Cc3/G. (6.1)

We now want to determine the vectors. Let the genematdZ, act on the coordinates Gf according
to
(21, 22, z3) = (e71, M 2, €™ 73),

wheree = €¥1/". Due toN = 1 supersymmetry in four dimensiong andn, have to satisfy
1+n;+n,=0 modn.

We characterize this action by a vector of the form

1
—(1, N1, Ny).
n(,l, 2)

Without loss of generality, we have set the first componerthisf vector to In. If none of the com-
ponents was /h, we would not have the full,-action. Assume for example the following vector for
C3/Zy4

1

-(2,2,4).

4( > e )

Obviously, we would obtain only Z-action from this vector. To determine thg we solve the equa-
tions

ez’“/” vy ezﬂinl/n v2i ezninz/n U3i:l for i=1,23 (6.2)
G G

= vy + Mo + v =0 modn for i=123. (6.3)
In addition to these equations, we demand that
|det(vy, v2, v3)] = N.
Note that one solution t@_(8.3) is easily obtained, namely

vizg=1 for i=1273

10rbifolds of typeC?/Z, are treated exactly like the three-dimensional examplésowt the third coordinate.
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since 1+ ny + N, = 0 mod n. The three vectors; determined this way describes the orbifalé/Z,.
See§ [A Tl for details why this is the case, e.g. hdw16.1) (6a2he about.

Now we look at some examples. First, we look at two-dimeraiexamples. Consider the orbifold
C?/Z,. We have the following-action

1
~(1,-1)

We have to find one solution to
v11—v21 =0 mod n

which is linearly independent tm1 = vo; = 1. We choose1, = 0 andvyy = n. The determinant
condition is obviously satisfied. Thus the mathiX) (

b

As another example we consider the orbifa##/Z4. The orbifold action is as follows

describes the orbifol@?/Z,.

1
-(1,1,2).
7.12)

We have to solve the equation
v + 0y + 21)3i =0 mod 4

2 01
0 2 1j.
-1 1 1

The orbifold actions and the corresponding matriddsfér C?/Zs, C2/Z4, C2/Zox Z2, C2/Zg_,, and
C3/Zg_; are given in§ A3

We obtain the matrix\{)

6.3 Resolution of Orbifolds

We want to resolve the orbifolds preserving the Calabi-Yeaperty. As described i§ B.2.2, this is
called crepant resolution. It is quite easy to resolve awargtoric variety as already described in
§BI3. If the resolution should be crepant, we only takethegiral vectors inside the fan satisfying the
Calabi-Yau condition, i.e. vectors lying on the same hyfzemp as the original vectors.

We first fix the conventions. We denote a general divisor,compact or non-compact, iy;. To
each vector; of the fan describing the orbifold we assign the coordirzassd denote the corresponding
non-compa@ divisor by B;. We writew; for the additional vectors in the resolved orbifold axdor
the corresponding coordinate. The exceptional diviseslanoted bye;. For convenience we write for

2In § & it is explained why these divisors are all non-compact.
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w1

v1 v1

@ (b)

Figure 6.1: Fans of Re<(?/Z,) andC?/Z,

the extended\( | Q) matrix

zz Di|ovin -+ v | Quu -+ Qu
Zy Dn|luvm -+ vk On1 s One
X1 Erjwir -0 wi | Onsrr oo Oneie
Xm Eml|wm - wmk Onim1 - Onime

where we hava vectors in the orbifold anch additional vectors in the resolved orbifold.

Let us look at a simple two-dimensional example, nan@lyZ,. Figure[6.1(d) shows the fan of
this orbifold. The determinant of the matrix formed byandv, is 2. Thus we have a singular toric
variety which isC?/Z,. We have to subdivide the cone spannedpgnduv, by adding integral vectors
inside the cone such that the new vectors satisfy the Calabieondition and that each cone after the
subdivision is spanned by vectors which constitug-lbasis ofZ2. We add the generatar; = (1,1)
which is the only additional integral vector satisfying lboequirements. Obviously this vector satisfies
the Calabi-Yau condition, i.ew1 lies on the same hyperplane, which is in this case just adisg, and
v2. Now the subdivided fan has two two-dimensional cones aalllyia smooth toric variety which is
the resolved:?/Z, since{vy, w1} and{vy, w1} both formZ-basis ofz?. The { | Q) matrix is

Al @1 1 0|1
z D1 2|1 .
x1 E1|1 1(-2
The resolution is
C3—{Z]_=ZZIO}
()
Figure[6.1(d) shows the fan of REZ(Z,).

,  where el, 7, X]_) ~ (/121, A2, /1_2X1) .

In general the\ | Q) matrix of resolutions of orbifold€"/Zy is

z Dy |1 -~ 0 1|1 z D 1] 1
: : S : : 1,1 |
Z,q Dpa| 0 -+ 1 1|1 [=| z.1 Dps 111 | (6.4)
z Dp|-1 -+ -1 1|1 z Dp|-1 -~ -1 1|1
X1 E1 o -- 0O 1|-n X1 E1 0 0 1|-n

wherel, 1 denotes then(— 1) x (n — 1) identity matrix. The fart consists of all cones of the form

Conef1, viy,...,0i,,) VYik#i, for Kk#¢. (6.5)
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D D D D ~
3 3 3 3 Bs
E, E1 E, E; E> | E1 NE\l
Dl E3 |:~)2 D]_ E-3 [32 Dl E3 |:~)2 61 E-3 52 | 51 52
(a) (b) (©) (d) (e)
Figure 6.2: The four diferent resolutions of3/Z, x Z, and the fan of=3/Z, x Z,
D3 D3 D3
Es E; Es E1 Es E;
|:~)1 Es E2 52 51 Es B2 52 51 Es B2 52
(a) (b) ()
D D x
3 3 D3
Es Es Es E, / \
[N)l E4 E2 52 51 E4 E2 52 f)l [~)2
(d) (e) ®
Figure 6.3: The five diferent resolutions of3/Zg_;; and the fan of=3/Zg_,
and all faces thereof. Th&*-action can be readily readto
(21,20, X1) ~ (AZ4, ..., AZy, 7). (6.6)
The exceptional set is as follows
Z(X)={zn="-=2=0}. (6.7)

As a three-dimensional example, we consider the orbifditZ, x Z,. The (/ | Q) matrix is given
in (AI13). Since all vectors lie on a hyperplane, we can diavfan projected to two dimensions which
contains the same information as the three-dimensiongtatia. To specify a fan with these additional
vectors, we have to choose cones as mention@@i@.1. This choice of cones we also call triangulation
because in the projected diagram of the fan this looks as ifvaudd triangulate a surface bounded by
the original vectors. The only filerence between two fiierent resolutions is the exceptional set since
the exceptional set encodes information about the condwifian. Furthermore, we wri@i andE;
instead ofy; andw; since we have the correspondence between the vectors adiigws. Figurd6]2
shows the triangulated fans offidirent resolutions of3/Z, x Z,. Note that we obtain for example the

triangulatior] 6.2(a) frorh 6.2(H), 6.2]c), ahd 6.2(d) thgbwa flop and vice versa.

Similarly, figure[6.B shows the five fiierent resolutions of3/Ze_;, of which the ¥ | Q) matrix is
given in [A13).
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6.4 Intersection Numbers of the Divisors

For model building in heterotic orbifolds we have to spedifg gauge background to reduce the gauge
group SO(32). There is the standard embedding, where wehaseutvature form of the Calabi-Yau
manifold as the field strength of the gauge background, treiget SU)-background for Calabi-Yau
n-folds. The field strength of the gauge background shouldfgahe Hermitian Yang-Mills equations,
which is equivalent to Calabi-Yau condition in the case & #tandard embedding. Another simple
embedding is the U(1) gauge background, i.e. line bundleflGNTWO ] an explicit U(1) gauge back-
ground satisfying the Hermitian Yang-Mills equations wasstructed. Since divisors correspond to
line bundles, we can use divisors as building blocks of thE) géduge background and use the intersec-
tion numbers to calculate integrals over the field strengte.now briefly describe why the intersection
numbers of divisors, even numbers involving only non-cochphvisors, are needed to compute the
chiral spectra on the blowups.

Let now X be one of the non-compact resolved Calabi-Yau orbifold$.useassume we have calcu-
lated all intersection numbers of divisdgs and E;. The U(1) gauge background can be realized as a
line bundle onX. Writing D; = ¢,1([Di]), the field strength of the background can be expanded inger
of Ej withi = 1,..., musing the linear equivalen&swe embed the U(1)-background into the SO(32)

gauge group as follows
vy E [Zv H]
a_ = i i1,
2n i=1 |

whereV, are vectors with 16 components and theare a basis of the Cartan subalgebrawB2). As

a gauge background the field strengfth has to give integer numbers when integrated over compact
cycles which is the quantization condition. This restritts possible values of thé. If super Yang-
Mills theories are coupled to supergravity, we have to iuliié integrated Bianchi identity

fc (tr RZ - tr(iF)?) = O,

whereR is the curvature form of the internal Calabi-Yau manifoldi &y is a compact 4-cycle oX.
Additionally, we require that the Bianchi identity is séitisl for non-compact 4-cycles. The Bianchi
identity puts further restriction on thé since we can compute the integral using the intersection-num
bers using the general formula for the Chern class of a tariety. The total Chern class for an arbitrary
smooth toric variety [Ful93, p. 10ﬂ has the form

o(X) = [ [+ Dy, (6.8)
i=1

where we writeD; for ¢,([Di]) and the sum runs over all vectors in the fanXofin the case of resolved
orbifolds the sum runs over dll; andE;. Thei-th Chern class can be obtained by expanding the product.
For example the first Chern classXf= Res(C"/Zy) is

n
C]_(X)Z E1+Z[~)i =0
i=1

3We expect that the Hermitian Yang-Mills equations can beesbby 7.

4There is a subtlety involved. The formula for the total Chelass is valid in the context of the Chow ring, i.e. thih
Chern class has to be understood as an element of the cordisgcChow groupAi(X). This can be problematic for non-
compact manifold sincéy(X) can be trivial. If this is the case, it does not make sensalkoabout intersection “numbers”.
We ignore this fact and use the formula, also for non-comimait varieties.
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which confirms the Calabi-Yau condition of vanishing firstebi class. Also the second Chern class
can be calculated easily

1tr R?
2 (2ri)2

« ~ o~ n+l_ <
:CZ(X):ElzDi+ZDi-Dj:TEl-Dl.
i

i<j

Thus once we have all intersection numbers of divisors, we aanpute integrals over the Chern
classes. To obtain the chiral spectrum we proceed as fallawesstart from the anomaly polynomial
l12 = 112(&, R) of the gaugino in 10 dimensions, wheeandR are the full field strength and the full
curvature form. We expan@ and® in the background and the quantum part

g=Fv+F and R=R+R

where#y, andR denote the background parts. Then we redygéo four dimensions by integrating it
over X to obtainlg which has the form

lg ~ [tr(%NV(iF)e’) - %tr(%NV(iF)) tr Rz],

17 1 1trR2\(Fy
N = | [=(5] +=-—]||=]|. .
v fxlsl(zn) +12( 202\ 2n 6.9
We determine the unbroken gauge groups of SO(32) and theugamiatter multiplets in four dimensions
and their charges under the gauge background. The chargmafter multiplet under the U(1) gauge
background is the eigenvalue ldf, and the multiplicity operatoNy computes how much this multiplet
contributes to the anomaly. Thus for each multip¥gt gives the number of chiral matter. Sinbk

involves?'\:j andR? and therefore contains also intersection numbers of nampect divisors only, we
want to compute these numbers in addition to intersectiov@ving at least one compact divisors.

where

We now describe how to obtain the intersection numbers. &dirst consider the case of a smooth
compact toric variety. Let; fori = 1,---,n be the vectors in the faB and D; the corresponding
divisors. To each vector iB we assign a homogeneous coordinateAs explained in§ B.1.3, setting
z = 0 givesD;. The linear equivalences are given by the vectors, i.e.

n

ZvijDi ~ 0.

i=1

Some of the intersections can be easily determihed [Oda&8)]p Lety;, vj, anduk be the vectors
corresponding to the divisoi3;, D; andDy. Then fori, j andk all different

Di-Dj-Dy=1

if vi,vj andvk span a cone ix, andD; - D - Dx = 0 otherwise. We also havg;, - -- D;, = 0 if any
subset of the involved divisors does not form a cone. For @@anif {z; = z = 0} c Z(X), then for all

i the intersection numbers of the foriy - D, - D; will be equal to zero since the intersectibn - D,

is defined by setting; andz to zero and this point set is excluded from the toric variétging these
“initial” intersection numbers and linear equivalencescaa determine all other intersection numbers
including the self intersection numbEriike Di-Dj-Dj= Di2 -DjorD;-Dj-Dj = Di3.

5The triple self intersection number of a divisor can be cotagin a diferent way. Seé [Ful®3, p.111].
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Now we consider the non-compact case. We apply the resulthdssmooth compact toric varieties
with one natural modification: when we determine the unérs¢ction numbers, we require that at least
one compact divisor or one compact curve is involved. Thatpdnside the projected fan correspond
to compact divisors. The divisors associated to the boynglaints, i.e. those on the triangle formed by
v1, 2, andugz, are non-compact. Like the correspondence between vecmrgoints in the projected
fan, and divisors, there is a correspondence between tmerdiional cones, i.e. lines in the projected
fan, and complex curves. Analogously to compact divisansei lines in the projected fan corresponds
to compact complex curves and the lines on the outer triatoghkeon-compact complex curves. It is
explained in§ A8 why this is the case.

As always we first consider a two-dimensional example: B&4L,). The exceptional divisoE; is
compact. The linear equivalences are

Dy + Dy + E1 ~ Ey + 2D, ~ 0. (6.10)

Furthermore, we have the unit intersections

D;-E;=Dy-Ey1 =1 (6.11)
Combining [&ID) and{6.11), we obtain
. 1 5 o 1 .
Dy Dy = -5 El=-2 and D; = -5 for i=12 (6.12)

Two questions immediately arise: First of all, what doesa&tfonal intersection number mean in a
smooth manifold? Second, from the exceptional set we expect

Di-D2=0
since{z; = z, = 0} is contained in the exceptional set.
To see the problem more clearly, let us step back and see imbat lequivalences mean and what
we are calculating. Let therefol®; be a compact an®, and D3 nhon-compact divisors of a smooth
non-compact complex two-dimensional maniféitd Furthermore, let us assume that - D, = 1 and

that we have the linear equivalence
D1 ~ Ds.

This is equivalent to
D1 -D3 =9V,

whereéV is a boundary or equivalently a principal divisor. We obtom D1 - D, = 1
D3-D2+6V-D2=1C> D3'D2=1—5V'D2.

If we write the intersectionV - D, in terms of the corresponding,()-forms, i.e. the first Chern classes
of the associated line bundles, we have

6V -Dj = fM c1([6V]) A ci([D2) = f c([sV)).

D2

SincedV is a boundary, the corresponding first Chern class is ex&ts T

oV Dy = d¢
D2
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for some 1-formyp. If D, were compact, then the integral would vanish employing tio&e3 theorem.
However, becausB, is not compact, it does not vanish in general. As we calcdl#te intersection
numbers[(6.12), we neglected the contributdf D,. Thus fractional numbers can appear. This can be
also understood from the global point of view. The non-cothpasolved orbifold represents one local
patch of a compact resolved orbifold. The boundary contiobg will add up once we glue appropriate
number of local patches together. Let us look at one exarR#e(C?/Z3) which is the local patch of
T4/Z3. For compact manifolds the Euler number is equal to the iategf the top Chern class. The
second Chern class integrated o@8yZz gives §3 neglecting boundary constributions. The resolution
of the compact orbifold is the non-singular K3 whose Eulenbar is 24. The orbifold*/Zs has nine
fixed points which means that we should glue nine of the loafth®s together. The integral of the
second Chern class of R€%(Z3) multiplied by the number of fixed points gives the Euler nembf
the K3.

We are also confronting the problem that in a non-compactifoidrthe intersection theory is not
well defined. The intersection numbers of non-compact syate not topological in the sense that this
number is not invariant under deformations of the cyclese €an deform the involved cycles such that
they have no intersection at all. This is due to the fact thaintersection point can escape to infinity in
a non-compact manifold. Let agay be a compact anB, andD3 non-compact divisors. In addition,
we assumé®; - D, =1 and

Dy ~aDs acZ. (6.13)

To obtain the intersection between non-compact divifgrandD3, we deformD; using [6.1B) taDs.

By doing so, we forbid that the intersection point does esdapnfinity which is the boundary of the
non-compact manifold. We define the intersection betweerawmnpact divisors imposing this restric-
tion to the deformations. This means tledds; - D, = 1. ThusDs3 - D, is fractional. To summarize,
the intersection theory we consider neglects the boundayisain that sense “local”. This means one
should understand the intersection theory we are conslas giving “local” information for one patch
of the resolved compact orbifold.

Having given arguments for intersection theory on non-cachmanifolds, we now actually compute
these numbers for various examples. We first consii¢Z,,. We have the following linear equivalences
which can be readfbfrom (€.4)

n
> Bi+E1~0 and Bi~DB; Vi#j=nDi+E~0 Vi
i=1
The unit intersection numbers obtained usingl(6.5) are
E1-Diy---Di,=1 Vigzi, for k#¢. (6.14)

Using these relations, we obtain
E} = (-n)™

We compare these intersection numbers with integralsmddan the explicit blowups. Using(6.6) and
@&1) we easily see that

E. Ijil Ijip ~ Pn_p_l’
= E'|5i1"'|5in_2 =~ p!

which is a compact curve. ThUs{6l14) gives

E- f)il Tt I:’jinfz : Ijin—l = jl;li 5 Ijin—l = j];l Ijin—l =1
DigDip
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In [GNTWO{] the field strengtly¥ of the U(1) gauge background obtained by solving the Heamiti
Yang-Mills equation has the same property, i.e.

F .
—=D; and — =1
2n ' D, B, , 2r

Furthermore, we then have

iF\ i7\
s, (z) = fy s, (5) -2
E1-DiyDip_yp : Di+Din_p

= —nBy- By =1,

which agree with the integrals computedin [GNTWO07]. Usidj we can evaluate the integral

jl;l-liil---f)in_z C2(X) = j;z c(X) =n(n+1)

which also perfectly agree with the results of explicit bigys. In [GNTWOY] it was checked that the
multiplicities of chiral matter computed using these istmtion numbers match those of the correspond-
ing heterotic orbifolds.

Despite issues due to non-compactness we are confidenh¢hiatérsection numbers between non-
compact divisors can make sense. For the casg"¢f, for n = 2,3 we have two cross checks: the
explicit blowups and the heterotic orbifold models. Sinaenged certain amount of “initial” intersection
numbers for the calculation, we are confronting the problgrith numbers are given and which should
be calculated from the others using the linear equivalenaespropose following rules for Re&t/Z,)
and Res(3/Zy):

1. Basic cones, i.e. cones spanned by adjacent vectord) withtriangulation have unit intersection.
2. Basic cones which do not exist in the triangulation have igersection number.

3. Intersection numbers of divisors whose correspondimgove are linearly dependent, i.e. the vec-
tors lie on a line in the projected fan, have zero intersaatiomber.

4. All other intersection numbers should be calculatedgugtie unit and zero intersection numbers
and the linear equivalences.

As another example we calculate the intersection numbetseakesolution of£3/Z, x Z, in Figure
B.2{@). Using the\( | Q) matrix of the fanz of Res(C3/Z, x Z,) given in [AI2), we can readfbthe
linear equivalences

2|5g|_+E2+E3~252+E1+E3~2|53+E1+E2~0.
The exceptional seét(X) is as follows

ZX)={nn=2=0U{z=23=0U{zy =23 =0}
U{z1 =% =0lU{zo=%=0U{zs=x3=0}.

Using the third rule, we have the following zero intersectirmmbers

D;-Dy-E3=D,-D3-E;=D3-D1-E»;=0
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Dy | Dy | D3| Ey| Ex| Es
Ev-Ep| 0[O0 1]-1]-1]1
Eyx-Eg| 0|10 ]-1]1]-1
E;-Eg| 10| 0] 1]-1]-1
Di-Es| 0| 2|3 [1]0
Ei-Eo||-3/0|-3|0|1|0
Ei-Ex|-3|-2]0|0]0O

Table 6.1: All intersection numbers of the (a) triangulation of RE¥(Z, x Z,) except the
triple self intersection numbers.

which are triangulation independent, i.e. these inteisectumbers coincide in all other triangulations.
From the basic cones of the triangulation we obtain the atérsection numbers

Dy -Ex-Ez3=D,-E3-E;=D3-E;-Ex=E;-Ey-Ez=1.
Using the second rule, we obtain following additional zereisection numbers

Di-E1-E;=D;-E;-E3=D;-E;-E;=0,

D, -Ey;-E3=D3-E;-E3=D3-Ey-E3=0.
Employing the linear equivalences, this is enough to cateuintersection numbers involving only the
exceptional divisors. Once we have all intersection nusloéitheE;, we can easily obtain all other

numbers involving thd®; using the linear equivalences. The intersection numbevgdes exceptional
divisors are as follows:

E3=-E? Ejs=E1-E;-E3=1 for i=123.

Table[6.1 shows all other intersection numbers except iple self-intersection numbers.

In [GNHTO/] it was checked using the intersection numbetsutated as above and the multiplicity
operatorNy (.9) that the number of chiral matter of heterotic orbifolef /Z3, C3/Z4 andC2/Z, x Z»
could be recovered and that the anomalies were absent,morgiagain the validity of the intersection
of non-compact divisors.

However, the rules we proposed do not work for more commatairbifolds. For example, for
Res(3/Zs_11) we can compute all intersection numbers betwEgaxcept two numbers. Th&/(| Q)
matrix is given in[AIH). The linear equivalences of R&5{Zs_|) are as follows

6D1 + E1 + 2B + 3E3 + 4E4 ~ 3D2 + E1 + 2Eo + Eg ~ 2D3 + E; + E3 ~ 0.

The “initial” intersection numbers are shown in tablel 6.Be&ero intersection numbers using the rules
above are

Dy -Ey-Eq=D1-Ep-Dy=Ey - Eg-Dp=D1-D3-Eg=D3-E;-E;=D;-E4-Dy=0.

Table[6.B shows the intersection numbers between exceptionsors computed using the unit and zero
intersection numbers and the linear equivalences. As amsa@min the table, we cannot determine the
intersection number&3 andE; - E3.
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@ | ()| ()| @]
E.-Eo-E3|| O] O| 1|00
E.-Ex-Es||l 2|10 0|1
E,-Es-Eo|l Ol 0|1 |10
E.,-Es-Es|l 0| 1]0|0|O0
Di-Ei-E4 1] 0| 0] 0] O
D;-E;-Ez3|| 1] 0|0| 0] O
D;-E3-E4|| O] 1 |1|1]1
D, Ey-Ep| 1|1 |1]0]1
Dy E;-Dsf| 1| 1]1] 1|1
D,-E;-Es| 0|0 |0|1]0
D, Eo-Ezs|l O] 0| 0|10
D3-E;-Es| 1|1 |1|1]0
D3-E1-E4|l O] Ol 0| 0] 1
D3-E3-E4|| O] 0| 0| 0] 1

Table 6.2: “Initial” intersection numbers of the five fierent resolutions of®/Zg_,

52



@ | B[ ()] (e

Ei-Ex-Es o|l0]1]0]O0
Ei-Ex-E4 [ 1] 1]0|0]1
E;-Es-E42 [ 0] O 110
Ei-Es-E4 [ O] 10|00
E2-E; oj(O0|-1/0]0O
EZ- Es 0|-1]-2|-3]0
E2.-E4 0o|-1]0 -2
E:-E3 2| -2]-1 -2
E:-E3 2| -1 0
E:-E2 2| -1 0|0
EZ-Es o|o0|-1]-2]0
e | -3-33[3 (3
E,-E2 O[O0 |-1|-1]0
Es-EZ oO|-1|-2]|-2]|0
EZ-E4 O|-1|0|0]-2
E3 6 | 7|8 8
E3 2121 2
ES 211220
3E3+2E,-E5|| 8| 5| 0|-1]| 8

Table 6.3: All intersection numbers between exceptional divisorshim five diferent reso-
lutions of C3/Zg_,
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Conclusion and Outlook

In particular, Theorem 6.5 is irfgective in explaining [...].
Nevertheless, it is obvious that Theorem 6.5 is of fundashanportance [...].
This reflects a fundamentalffirence between mathematics and physics.
In physics, if a theory is developed for the purpose of erpigi certain phenomenon
and fails to do so, then that theory must be useless.
Kunihiko Kodaira, [Kod85]

In this thesis we described two applications of toric geoynét string theory. We focused on two
particular theories, namely F-theory and heterotic tabithifold theories. The main task for both
applications was the construction of Calabi-Yau manifolitgh compact and non-compact, and studies
thereof.

In the first part we introduced necessary concepts from eddelgeometry, especially divisors of a
complex manifold. We discussed the basics of toric geonestidy properties of toric varieties. Then
we described two dlierent methods to construct Calabi-Yau manifolds: non-aoh@alabi-Yau mani-
folds as toric varieties and compact manifolds as hypexsasd in toric Fano varieties using V. Batyrev’s
method. Since sheaf cohomology is necessary to discussdhe moduli of F-theory, we explored
basic elements of sheaves and their cohomologies.

For F-theory compactifications and model building we désatithe construction afompact elliptic
Calabi-Yau fourfolds. Following this, we analyzed the ranoduli of F-theory compactifications and
showed that the brane moduli do not represent a separagedflasoduli, but they are contained in the
complex structure moduli of the fourfolds. In addition wéelfly discussed the Gukov-Vafa-Witten su-
perpotential which leads to stabilization of the complexature moduli.

Our second application deals with techniques for hetettoticidal orbifold models. To analyze
these models, we described how to constnart-compactCalabi-Yau orbifolds of typ&€3/Z, and how
to resolve them preserving the Calabi-Yau condition. Sintersection numbers between divisors are
needed, we described how to compute these numbers. Whilg doj we had to face the fact that our
manifolds were non-compact and therefore the intersettieory is ill defined. We gave arguments that
a sensible definition of intersection theory of non-compaahifolds is possible. Using linear equiva-
lences, we obtained fractional intersection humbers batwmn-compact divisors which were due to
neglecting boundary contributions. We proposed a set esridl compute the intersection numbers. Us-
ing these rules we were able to obtain all intersection nusttoe C"/Z,,,C2/Z3, C3/Z4 andC2/Z, x Z.
For these models one could check that the chiral spectralatdd from these numbers match those of
heterotic orbifold models. In other words, it seems thatrsgction theory of non-compact manifolds
makes sense. However, these rules are not y&tisunt for more complicated orbifolds, e G>/Zs_; .
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This work can be extended in many natural ways. For the Fryheart, the next step would be ex-
plicit model building. It would be also very important to dyuthe mechanism of the stabilization of the
complex structure moduli. Therefore one should compute#r®ds to obtain the explicit form of the
perturbative superpotential. It seems possible to fix alinfidor toroidal compactifications [DDYOS].

It would be very interesting to see whether it is possiblexali moduli in more complicated compact-
ifications.

To obtain a more consistent and complete picture in heteosbifold models, it would be crucial
to have a better understanding of the nature of fractiortat$ection numbers and of the intersection
theory of non-compact manifold. Additionally, we shoulddfia consistent prescription to compute all
intersection numbers of arbitrary orbifolds. One possibdy could be using the Spef€onstruction
and the extra information coming from the “sub-resolutioas one can see in the following example:
the projected fan of the resolution (b) 6f/Z¢_;, contains the projected fan of the resolution (a) of
C3/Z, x Z». Since we have already computed all intersection numbeRes3/Z, x Z,), it might be
possible to use them for computation of the intersection bremiof Res(>/Ze_;;). On the other hand
we should also study the global picture of the orbifolds, the resolved compact orbifold. We should
understand how one can consistently glue the local modgéther [LRSSU6].

Finally, we hope that we will soon be able to build explicit dets which are natural and good
enough, such that string theory can becarseful physicatheory, even in Kodaira’'s sense.
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Appendix

A.1 Homogeneous Coordinates Revisited

In this appendix we describe the homogeneous coordinat&rcation in more detail.

Let N be the lattice and/ the dual lattice with dinN = dimM = n. We consider only fans whose
vectors{vi} generateNg which means that we have> n vectors,n of them linearly independent. L&t
be a toric variety constructed via the Spbec()nstructioﬂ from a fanX consisting of{y;}. We have an
exact sequencé_[Fuld3, p.63]

0——M—"5P.Z D~ A y(X) — 0, (A.1)
whereD; are the divisors corresponding o The mapx is defined as follows

a(m) = div(y™ = Y (mu)D; for me M,

wherey™ denote the element of the character group/oJFul93, p.37]. We can view™ as a rational
function onX. Consequentlym, v;) = ordp, (™). The f1 — 1)-th Chow group oX denoted byA,_1(X)
is the set of all divisors oK with linear equivalenc&modded out. As we can see from{A.1),

Ana(X) = Pz Di/ M.
The mapB mapsD to its classA = B(D) in An_1(X).

Let Homz (X, C*) denote the set of all homomorphisms frofrio C* with the property
f e Homy(X,C") = f(ax) = f(X)? for aeZ and xe X (A.2)

We apply Hom(-, C*) to the exact sequende(A.1)
1—— Homz(An_1(X), C*) — Homy (@), Z - Dy, €*) —% Homy(M,C") —— 1. (A3)
Let G denote Hom(An-1(X), C*). Furthermore, we have

Homz(M,C*) = N®; C* = (C*)" = T(N),

where the third equality is a definition [CoxX0%,1.2]. We callT(N) thetorus of N.

1See for exampld [OdaB5. Fuld3, Cok05].
2In the context of the Chow groups one should satjonal equivalences For divisors however, rational equivalence is
linear equivalence.
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Let us determiné. Since [AB) is exact,
Kerd =Impg = G.
Leth € Homz(M, C*) and f € Hom (€5, Z - D;, C*). Obviously,
Homz (M,C%) = (C")" and Hom, (P, Z-D;,C*) = (C)'.
By choosing a basis for each of both spaces, we can write
h=(hy,...,hy) and f =(fy,...,f).

Letme M andD = };aD; € @, Z - D;, then we have

h(m) = (hy,....hn) - (M, ..., my) = [ [h™ = [ Th™,

f(D) = (fr.....f) - D=[ [ f(O)* = [ 2.

i
whereg are the standard basisf Obviouslyh andf defined this way are homomorphisms and satisfy
(A2). To determines, we have to determine Keat The map’is defined as

& : Hom (B, Z- D;,C*) —— T(N)

and sincex(f) € Homz(M, C*), we definen(f) as follows

n r
nfj<""”i> for me M.
i—1 j=1

a(f)(m) =

If we plug in the standard basts of M in a(f)(-), we obtain the representation @ff} in components,

namely
r r
&(f) :[n | fjm].
j=1 j=1
Thusf = (fi,..., f,) € Giff
r
[]f"=1 vi
j=1

To summarize,
G={(fn..... f) I I}y fh=1 for i =1....n}.

From the exact sequendeA.3) we see that

T(N) = (C)'/G,

can be seen as coordinatesT@N) and they are invariant unde.
An action of the grous onC" can be defined via
geG=yg-(21,...,%) = (9(D1)z, ..., 9(Dr)z).
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We can have two cases: first, the vectptsare linearly dependent. In this case it is easy to seeGhat
corresponds to the3()™ action weighted by the charges: We first set

f = n/ﬂik’
k

then -
1= l_[/lg'kvu = Z Gievij = 0 Vj,f.
ik i
Theq, are precisely the charges definediB.1.2.

Let {vj} be linearly independent. Then we have precisely Nirs n vectors in our fan sinc&(1)
spansNg. We now show that
G = N/N/,

whereN’ = €5, Z - v;. One can show that the following sequence

1 N/N’ TN) ——T(N) —— 1

is exact|[[Ful93, p.34]. Furthermore, using the followingrorphism
Pz -bi=N
i

which is due to the one-to-one correspondence betweerodivagd vectors, we obtain
T(N’) = Homz(N', C*) = Homy, (P, Z - D;, C*).

Thus we have the commutative diagram:

1— N/N’ T(N') T(N) 1 (A.4)
T T
1 G Hom: (), Z - D1, C*) T(N) 1

First we show that the mapexists and makes the diagram commute. Consider the diagram:

w
'SERT T(N)
Sy

For simplicity we have identified (N") and Hong, (@I Z- Di,C*). Letw € N/N’, theny/(w) € T(N’).
Sinceg is injective, we can consider= 3-1(y(w)) € G. We setp(w) = g. By constructiony makes the
diagram commute. Using the same argument we can congtruiVe want to show thall/N’ andG
are isomorphic. To do this, we use the so-called “four lem{M&C95, p.14] which states: Assume we
have a commutative diagram

A Ay Az Ay

N

Bl BZ Bg B4
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with two exact rows. Iff; and f3 are surjective and is injective, thenf; is surjective. Since all vertical
solid arrows in[[A}) are bijective, we can use the four lemdentifying the dashed arrow witfy.
Using the four lemma twice fap and¢’, from the upper row to the lower row and vice versa, we obtain
that

¢ NN —G and ¢ :G—— N/N

are both surjective. The dashed arrowIn {A.4) is thus an @gphism. This means in particular that
ord(G) = ord(N/N’), thus
|det(v1, . ..,vn)| = ordG.

The quotient
C'-2Z(x)

G 9
whereZ(Z) is the exceptional set defined §13.1.2, is naturally isomorphic to the toric variety con-
structed fronE using the Spee) construction[[Cox93, Thm. 2.1].

A.2 Linear Equivalences of Divisors

We have the following exact sequence for an arbitrary taaitety X [Cox05, (3.2)]
M—25 P Z Dy 2 Ay a(X) —— 0,

whereD; are the divisors correspondingi#o Note that this sequence becomes a short exact sequence if
the toric variety is compact. As already mentioned &1, the map is defined to be

a(m) = div(y™ = Y (mu)D; for me M,

i.ef
An1(X) = @z- Di/ Im(a).

Thus the divisors which are mapped to the trivial clas84m (X) has the form

Z(m, w)Di Yme M.

If we take the standard basis vectefdor i = 1...n of M, we obtain

0~Z<ei*’vj>Dj:ZvjiDj for i=1...n, (A.5)
j

J

where we writevj; for thei-th component of thg-th vector. Furthermore, we can recdsi{A.5) to give
another meaning to charges. Consider ¥¢ Q) matrix of the form

v11 ccc Uin | O - Oae

Uk1 **t Ukn| Okt -+ Oke
We have the relations

Zqijvimzo and ZvimDi~0 for j=1,...,¢ and m=1,...,k
i i

3We mod out Im§) becauser is not injective. We cannot identify Im with M.
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The components of the vectarg, can be seen as diieients of linear combinations of the rows @)
which sum up to zero. Thus we can interpret the rowsQ@fdsformal coordinates of each divisd;.
Let Q; denote the-th row of (Q). Then the divisoD; for example ha§); as its coordinate. Since

ZvijQi =0,

ZvijDi ~ 0.

we get

This means that there afdinearly independent divisors and thius ¢ independent linear equivalences.
These equivalences can be found by considering the lin@abications ofQ; which sum up to zero.
A.3 Polynomial defining Calabi-Yau Hypersurfaces

Let X be a toric Fano variety. We go through a reasoning why thenpmiyal p as defined in[{318)

50
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is defining a Calabi-Yau variety, i.e. a section in the amtigacal bundle.

We have the following short exact sequence for compact varieties [[Ful93, p.63]

0——M—"5 @ Z D~ Ay 1(X) —0,
whereD; are the divisors corresponding#o The map is defined as follows

a(m) = div(y™) = Z(m, v)D; for me M.

|
The maps mapsD to its classA = 8(D) in the (1 — 1)-th Chow groupAn_1(X).
ForD = Y, d;D; the group of global sectiord®(X, [D]) can be given ag[Ful®3, p.66]

HX D) = P c-x™

mePpnM

where the polyhedroRyp is defined as
Pp = {me Mg | (M v;) > —d; Vi}. (A.6)

Following [Cox93,§ 1], let us define

Sumy = (P C-2.

B(D")=A

P = Hf‘

whereD’ = ¥; bjD; and

Since Kep = Ima,

[12.][# €Se=3meM : by =(muv)+a vi. (A7)

61



We have an isomorphisr [Cox93, Prop. 1.1]
¢p : Spp) —— HO(X,[D]) .

The isomorphisngp is defined as follows: ldDy, = >.;(m, v;)D;j, then

2’ eSp=dImePpnM : 22 =D = l_[ Zmutd, (A.8)
Thus
Sp(o) = { D [am [ [2™ +di)}.
mePpNM i
We set

. (ZD/) - ép (ZDm+D) . (A.9)
Let us turn to the reflexive polyhedran Now A plays the role oPp. Using A*)* = A, we get

A={xeNg |(Xy)>-1Vyec A’} € Mg.

A glance at[[AB) shows that the corresponding divisor is
D=)D,
i

where the sum runs over all vectors generating the one-diimeal cones in the fan corresponding to
A*, i.e. also vectors added by crepant desingularizations divisor D is the anticanonical divisor of
X [Eul93, p.85]. We now determine the correspondBghy which is isomorphic to the global sections
of the line bundle P] = [-K], i.e. of the anticanonical bundikX~. The monomials spanningsp)
have the form usind{Al8) anfd(A.9)

2% € Spp) = l_[ ™ for meAn M.
i

The reason exponents being of the foim v;) + 1 is thatd; = 1 for all i which is the defining property
of dual reflexive polyhedrons. Thus every global sectioi ¥ has the form
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in homogeneous coordinates.

A.4 Integral Points of Reflexive Polyhedrons

Here we give the integral points of reflexive polyhedronsditiptic K3 studied in§ B.2.8.

The vertices ofA*;

1 0 O
-1 -4 -6
0O 1 O0of
0O 0 1
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The integral points oA*, i.e.A* N N:

The vertices ofA:

The integral points:

o |
Lhi~oorwnrol
LNvNooocoooocoooo

|
=
o

o
o

1 O

1 0 0|0 -2 -3
-1 -4 6/0 -1 -2
0 1 0|0 0 -1 (A.10)
0 0 1(0 -1 1
11 -1 -1
-1 2 -1
-1 -1 -1
-1 -1 1
-1/-1 -1 -1]-1 1 -1
-170 -1 -1]0 1 -1
-171 -1 -1]1 1 -1
-112 -1 -1,2 1 -1
-173 -1 -1]3 1 -1
-114 -1 -1/-1 -1 O
-115 -1 -1]0 -1 O
-1/6 -1 -1}]1 -1 0 | (A.11)
-17 -1 -1]2 -1 O
-1/8 -1 -1,3 -1 O
1719 -1 -14 -1 O
0|10 -1 -1|5 -1 O
011 -1 1
0

where we tried to group points with similar components tbget

A5 The (V| Q) Matrix of

Orbifolds and their Resolutions

For notation see the beginning $B6.2.

A5.1 C?/Z3

The orbifold action:

whereg = €¥1/3,
Equations to solve:

The (V | Q) matrix of Res(?/Z»):

9(21, Zz) = (SZ]_, 8_122),

v1i — v =0 mod 3

z7 D11 0| 1 0
z D|1 3]0 1
X1 E111 1 -2 1
X Ex|1 21 =2
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A5.2 C3/Z,

The orbifold action:
0(z1, 22, 23) = (e21, €22, £°23),

wheres = e2/4,
Equation to solve:
vii + v + 2v3i = 0 mod 4

The (V | Q) matrix of Res(3/Z.):

le1201lO
z D0 2 1|1 o0
zz D3|-1 1 1|0 1
xx, E;|0 1 1/0 -2
X2E2111—21

A5.3 C3/Zy%xZ,
The orbifold action:
01(21, 2, 3) = (e21, 22, £23),

02(21, 22, 3) = (21, €22, £23),
01 0 02(21, 20, Z3) = (e271, €22, Z3),

wheree = €.
Equations to solve:

vij +v3 =0 mod 2
voi +v3 =0 mod 2
v1i + v =0 mod 2

The (V | Q) matrix of Res(3/Z, x Z,):

z D0 0 1l0 1 O
22D2021100
zz D32 0 1/0 0 1
xx E1|l1 1 1/-1 1 -1 (A.12)
X Eo|0 1 1/-1 -1 1
x3 Eg|1 0 1] 1 -1 -1

A5.4 C3/Zg

The orbifold action:
(21, 2, 23) = (g1, €2, 3_223),

whereg = €¥1/6,
Equation to solve:
vii + v — 2v3i = 0 mod 6
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The (V | Q) matrix of Res(3/Z¢_):

z1 D11 -2 1|1 0 0
Vi) [32 -1 -2 1|1 0 0
zz D3| O 1 1|10 1 0
X1 Ez 0 0O 1,0 -2 1 (A.13)
X Eo| O -1 1|0 1 -2
X3 E3 0 -2 1|-2 0 1
A55 C%/Zs.
The orbifold action:
0(z1. 22, 23) = (s20,6%2, £°25),
whereg = €2/6,
The equation to solve:
v1i + 209 + 3v3i =0 mod 6
The (V | Q) matrix of Res(3/Zg_):
zn Di]-2 -1 1]1 -1 1 0O
z D1 -1 1/0 0 0 1
zz D3| 0 1 11 0 0 O
xx B4/ 0 0 1|0 -1 0 O (A.14)
X Eo| O -1 110 O 1 -2
X3 Ez| -1 0O 1,-2 1 0 0
X4 E4|-1 -1 10 1 -2 1

A.6 Compact Divisors and Compact Curves in Resolved Orbifals

In this appendix we explain why divisors corresponding teetor which is inside the projected fan is
compact and likewise why the complex curves correspondirthe inner lines of the projected fan are
compact.

Let X be an arbitraryn-dimensional toric variety constructed from a fain the latticeNg. The fan
¥ in general containg to zero-dimensional cones. We now describedtae of a cone [[Ful93§ 3.1].
Let o be ak-dimensional cone df. Let N(o) denote the lattice spanned by the vectors gfe. without
loss of generality

k
o =Conef,...,vx) = N(o) = @Z-vi.
i=1
Furthermore, lep denote the projection map
p: Ng —— Nr/N(@)r ,
whereN(c)r = N(o) ® R. Then the star of is defined as follows

starg) = | ) p@),

o<TEX

whereo < T means thatr is a face ofr. The star of &-dimensional cone is ai(- k)-dimensional fan.
The toric variety constructed from Staf)(denoted by (o) is an f — k)-dimensional subvariety of.
These (1 — k)-dimensional subvarieties constructed from the stareigea the rf — k)-th Chow group
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z Starg)

Figure A.1: Example of Stakt) from a fanX. The one-dimensional coreis spanned by
the vectott.

12} u2

Uy
Starfr)

Figure A.2: Star of a two-dimensional cone

Ank(X) [Eul93, § 5.1]. The 1 — 1)-th Chow groupA,-1(X) is the group of linearly inequivalent divi-
sors. We see the correspondence between one-dimensiomd, ¢@. vectors, and divisors: A divisor
is the toric variety constructed from a star of an one-dirm e cone. In the case of three dimensional
resolved orbifolds the first Chow grous (X) is the group of complex curves: A complex curveXn
can be described by the star of a two-dimensional cone. Té@msthat in the case of interest, i.e. three
dimensional non-compact resolved orbifolds, a point ingtaected fan corresponds to a divisor and a
line corresponds to a complex curve.

Let X be one of the resolved three-dimensional non-compactadsif We can now show that
if a vector, i.e. a point in the projected fan, is inside thartgle formed byv,, v2, and vz, then the
corresponding divisor is compact. Let us assume that ther imectort has the components; (t,, 1).
Leto denote the one-dimensional cone spanned By obtain Stakf) we do the following: we takeas
a basis vector instead of,(@ 1) and compute the components of other vectors involvedhiose which
span the cones which haweas their face. Then, becausis now the third basis vector, the projection
corresponds to just dropping the third component. Thisgmtage can very intuitively understood from
the projected fans. Figufe“A.1 shows an example. We just twatake the point corresponding tan
the projected fan as the origin and the lines going out froasithe vectors spanning one-dimensional
cones in the star. Even if there were no other points than, vz, andt in the projected fan, the resulting
toric variety V(o) will be compact since Star{) contains three two-dimensional cones whose union is
the whole two-dimensional plane, i.e.,

|Stargr)| = R2.

If there are more points in the projected fan, there will baearliimes, i.e. the two-dimensional cones in
Starg-) will become “finer”, but their union will still be the wholelgne. Thereforé/(o) is compact.
Using the same arguments, it is obvious that outer pointsaptojected fan yield non-compact divisors.

The case of compact curves is treated analogously to dsvisarline in the projected fan means

a two-dimensional cone in the fan. Let us denote the vectors spanninigy t; andty. In the fully
triangulated fanr is a shared face of two basic cones. Fidurd A.2 illustratessituation. This means
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U1

Starf)

97}

Figure A.3: Example of the star of a two-dimensional cane

that we only have to consider four vectors altogether, natagh, anduy, U,. The vectorsl; andu, span
a three dimensional cones ando-, respectively witht; andt,. Note that (13, t1, t2) and (s, t1, tp) form
each a-basis ofN = Z2. Moreover, since, is relative tou; on the “opposite side” of the hyperplane
spanned by; andty,

1= det(ul,tl,tz) = - det(UZ,tl,tz) (A.15)

assumingu is positively oriented. Consider now the equation
U1 111 to1)(a U1
Uy t1o tof|lb]l=]u| with ab,ceZ.
Uz t13 toz)lC U13
This equation has an unique solution becausg0f|A.15). Thus
u; = ap + N(7).

In Starfr) the vectom, is aZ-multiple of u,. The codficienta is negative since the orientation wf and
U, is opposite relative to the hyperplane spanned;gndt,. Settingp(uz) = (1) € N(r), we obtain
p(u;) = (@). Consequently,

|Star@)| = R

and the resulting toric variety(r), which is a complex curve, is compact. The ffméenta is equal to
—1 since the curve has to be compact and smooth. The only omeadional compact and smooth toric
variety isP! and its fan consists of (1) and ). The fact thas = —1 we can also see from the projected
fans of the resolved orbifolds. Using the same arguments;amnesasily see that outer lines correpond
to non-compact curves.

Let us look at an example. FigufleA.3 shows the trianguld8d@ia) of Res(3/Zs ). Note that

we renamed the vectors to be consistent with the discusbiovea We want to construct the starwof
which is spanned bt; andt,. The vectors in components are

R

Up = —Up + 3ty —tr = —p + N(7).

We have

Consequently, Star] consists of £1) = p(u;) and (1)= p(uy) which is the fan of?.

To summarize, inner points and inner lines in the projected fof resolved three-dimensional orb-
ifolds correspond to compact divisors and compact curveseaively.
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