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Torische Geometrie im Stringmodellbau:

Wir untersuchen die torische Geometrie als Haupthilfsmittel für den Stringmodellbau in der F-Theorie
und in toroidalen Orbifolds der heterotischen Stringtheorie. Für die F-Theorie behandeln wir torische
Methoden, mit denen man vierdimensionale elliptische Calabi-Yau Mannigfaltigkeiten als Hyperflächen
der torischen Varietäten konstruieren kann. Weiterhin zeigen wir, dass die Branemoduli der F-Theorie
einen Teil der komplexen Strukturmoduli der internen Mannigfaltigkeit darstellen, die zur Kompakti-
fizierung verwendet wird. Für die Untersuchung der Orbifoldmodelle diskutieren wir die Konstruktion
der nicht kompakten Calabi-Yau Orbifolds als torische Varietäten und wie man sie auflösen kann. Da
die Schnittzahlen der Divisoren wichtig für den Modellbauder Orbifolds sind, argumentieren wir, dass
eine vernünftige Schnitttheorie in nicht-kompakten Mannigfaltigkeiten definiert werden kann und geben
Regeln vor, mit denen man die Schnittzahlen der aufgelösten nicht-kompakten Orbifolds ausrechnen
kann.

Toric Geometry in String Model Building:

We study toric geometry as the main tool for string model building in F-theory and in heterotic toroidal
orbifolds. For F-theory we review how elliptic Calabi-Yau fourfolds can be contructed as hypersurfaces
of toric varieties. Furthermore, we show that the brane moduli of F-theory are contained in the complex
structure moduli of the internal manifold used for the compactification. For studies of orbifold models
we discuss how to construct non-compact Calabi-Yau orbifolds as toric varieties and how to resolve
them. Since intersection numbers of divisors are importantfor orbifold model building, we additionally
argue that a sensible intersection theory in non-compact manifolds can be defined and give rules to
calculate the intersection numbers of resolved non-compact orbifolds.
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A world without string is chaos.

Lars Smuntz, Quoting his father
Mousehunt
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Introduction

Probably the single most prevalent claim advanced by the proponents of a new paradigm is
that they can solve the problems that have led the old one to a crisis.

Thomas S. Kuhn, [Kuh62]

Today, general relativity (GR) and quantum mechanics (QM) or its infinite-dimensional cousin quan-
tum field theory (QFT) are two main streams in fundamental physics. Both theories caused paradigm
shifts in gravitational and microscopic physics respectively: from Newton’s “simple” gravity law to its
geometrization and from the “classical” physics to “quantum” physics and QFT endowed with gauge
symmetries describing strong, weak, and electromagnetic interactions. Despite their success, there is no
satisfying theory which unites both of them, i.e. all four known interactions. The main topic of today’s
research is to reconcile GR with QM in quantizing it.

With the advent of string theory another paradigm shift happened for many physicists. Nowadays,
string theory is the most promising candidate which could embrace both GR and QM. However, as it is
well known, it has many problems. Not being able to naturallyreproduce the standard model is one of
them.

The aim of this thesis is to develop tools for so-called modelbuilding in F-theory and in the heterotic
toroidal orbifold context. We proceed as follows: In§ 2 we introduce some terminology of algebraic
geometry to have the right language for the discussion, especially divisors of a complex manifold. Then
we discuss in§ 3 elements of toric geometry which will be the main tool for studying and constructing
the models. We describe how one can construct compact and non-compact Calabi-Yau manifolds using
toric methods. For the study of brane moduli of F-theory, we discuss in§ 4 two very important concepts
in algebraic geometry, namely sheaves and sheaf cohomology.

After having set the notation and introduced necessary terms, we discuss F-theory and its orientifold
limit. One of the main problems of model building is the question how to stabilize the moduli, i.e. com-
plex structure, brane, and Kähler moduli. We show by using sheaf cohomology that the brane moduli
which represent an extra class of moduli in type IIB theory besides complex structure and Kähler moduli
are a part of complex structure moduli of the fourfold which is used for F-theory compactification. Thus
we “only” have to stabilize the complex structure and Kähler moduli. In this thesis, we focus on the
complex structure moduli. We briefly discuss one possible mechanism used to stabilize the complex
structure moduli.

In the third part of this work we provide toric geometry techniques for the heterotic toroidal orbifold
models. We describe the construction of non-compact Calabi-Yau orbifolds as local models of compact
toroidal orbifolds. Then we show how to resolve the singularities. To obtain the chiral spectrum in these
resolved orbifolds, it is crucial to calculate the intersection numbers of divisors. Here we have a very
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peculiar situation. In mathematics the intersection theory of non-compact manifolds is not well defined
since the intersection between non-compact cycles is not invariant under deformations. For this reason
it has not been considered. We argue that a sensible definition of intersections in non-compact manifold
is possible under certain restrictions to deformations andthat fractional numbers can occur. We propose
a set of rules which can be used to calculate all intersectionnumbers, including those between non-
compact divisors, for various orbifolds. In [GNHT07] it is shown that the number of chiral multiplets
of the resolved orbifoldsC2/Z3, C3/Z4, andC3/Z2 × Z2 calculated using these rules match those of
heterotic orbifolds. This makes us confident that a sensibledefinition of intersection numbers in non-
compact manifolds is possible.
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Algebro-Geometric Prelude

Algebra is generous: she often gives more than is asked for.
Jean d’Alembert, Quoted in [Mac93]

For further development several concepts of algebraic geometry will be very handy and even neces-
sary. In this chapter, we essentially fix the notation and thelanguage we will be using in later chapters.
In order not to bore the reader with too much mathematical definitions and results, we will discuss some
concepts in a later chapter.

2.1 Basic Definitions

2.1.1 Divisors and Line Bundles

Let M be a complex manifold, not necessarily compact, with complex dimensionm and{Uα} an open
cover ofM. We mainly follow the treatment of [GH78,§ 1.1].

An analytic hypersurface V of M is a subset such that for everyx ∈ V there exists an open set
Ux ⊂ M whose intersection withV is the zero locus of a holomorphic functionfx. Every holomorphic
function whose zero locus containsUx∩V is divisible by fx. This function fx is called thelocal defining
function for V nearx. Consider the Jacobian offx

J( fx)(z) =
(

∂z1 fx(z), . . . , ∂zm fx(z)
)

,

wherez= (z1, . . . , zm) is the local coordinate system inUx. We call a pointy ∈ Ux ∩ V singular if

J( fx)(y) = (0, . . . , 0).

If V does not have any singular point,V is a submanifold of codimension 1. The hypersurfaceV is called
irreducible if it cannot be written as the union of two smaller analytic hypersurfaces.

Let x ∈ V and fx be a local defining function forV nearx. Let g be a holomorphic function defined
nearx. We define theorder of g to be the largest integera denoted by ordV,x g such that

h =
g

f a
x

is holomorphic aroundx. The order ofg is well defined and is always a non-negative integer. It does not
depend onx and is denoted by ordV(g). If g does not vanish onV, then ordV(g) = 0. The order ordV(g)
tells us how many timesg contains the local defining function ofV.
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Forg andh any holomorphic functions we have

ordV(g · h) = ordV(g) + ordV(h).

Let f be a meromorphic function onM. It can be written locally as

f =
g

h

with g andh holomorphic and relatively prime1. We define

ordV( f ) = ordV(g) − ordV(h).

A divisor D of M is a finite formal linear sum

D =
∑

i

ai · Vi , ai ∈ Z

of irreducible analytic hypersurfacesVi of M. We write Div(M) for the set of all divisors ofM. A divisor
is calledeffective if ai ≥ 0 for all i. Let f be a meromorphic function onM defined locally asg/h and
not identically zero. We associate the divisor div(f ) to f by setting

div( f ) =
∑

V

ordV( f ) · V = div( f )0 − div( f )∞,

where
div( f )0 =

∑

V

ordV(g) · V and div(f )∞ =
∑

V

ordV(h) · V.

The sum runs over all irreducible hypersurfaces ofM. However the sum is finite since the order ofh or
g for a hypersurface is zero if the zero locus ofh or g do not contain the hypersurface. We call a divisor
of form D = div( f ) aprincipal divisor .

Divisors can be defined in a different way. LetM (M) be the set of meromorphic functions andO(M)
the set of holomorphic functions onM. Let M ∗(U) andO∗(U) be the sets of meromorphic functions
not identically zero and nonzero, i.e. nowhere zero, holomorphic functions on an open setU ⊂ M. Let
{Uα} be an open cover ofM as before. A divisorD is given by

fα ∈M
∗(Uα)

for eachUα with
fα
fβ
∈ O

∗(Uα ∩ Uβ)

through
D =

∑

V

ordV( fα) · V,

where for eachV we chooseα such thatV ∩ Uα , ∅. The functionsfα are called thelocal defining
functions of D. Let us unwind the definition. For eachUα we pick a meromorphic functionfα. We
demand thatfα and fβ coincide on the intersectionUα ∩ Uβ up to a nonzero holomorphic function,
i.e. they have the same zeros and poles onUα ∩ Uβ. We sum over all hypersurfacesV of M which
have non-trivial intersection withUα. The order ordV( fα) is the multiplicity V is summed with. This

1The notion prime in this context is naturally understandable. It means thatf andg do not have any common factorh̃ which
is also a holomorphic function.
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is well-defined even ifV has non-trivial intersection with two or more open sets since the local defin-
ing functions have the same zeros and poles in the intersection. Thus it does not matter whichfα we take.

If M is not smooth, but contains singularities, i.e.M is avariety2, both definitions in general do not
yield the same set of divisors3. The first definition describes the set of theWeil divisors and the second
definition the set of theCartier divisors . Every Cartier divisor is a Weil divisor, but not vice versa.

We say two divisorsD andD′ arelinearly equivalent if

D − D′ = div( f )

for a f ∈M ∗(M). We write
D ∼ D′.

Clearly∼ is an equivalence relation.

If we have a bundleE of any kind, e.g. vector bundles, fiber bundles, etc., we willuse following
notation:

F // E

��

B

The fiber is denoted byF, e.g. vector spacesRn andCn for vector bundles, and the base byB.

Let {Uα} be an open cover ofM and

gαβ : Uα
// Uβ , gαβ ∈ O

∗(Uα ∩ Uβ)

the transition functions of a line bundleL on M. A holomorphic sectionof L overU ⊂ M is given by a
collection of holomorphic functionssα on U ∩ Uα with

sα = gαβ · sβ in U ∩Uα ∩ Uβ.

If U = M, thens is aglobal holomorphic section. A meromorphic sectionis defined analogously with
sα being now meromorphic functions onU. The quotient of two meromorphic sections is a well-defined
meromorphic section.

The first Chern class of a line bundleL denoted byc1(L) is a characteristic quantity forL. The first
Chern class is an element ofH2(M,Z), i.e. c1(L) ∈ H2

dR(M) with the additional property that the in-
tegrals ofc1(L) over complex one-dimensional submanifolds areZ-valued, whereH2

dR(M) denotes the
second de Rahm cohomology group ofM. Additionally, one can show thatc1(L) ∈ H1,1(M) [GH78,
p.416]. A line bundleL on M is determined up to isomorphism by its first Chern class. If two line
bundles are isomorphic, then their first Chern classes are equal. The group of all line bundles onM up to
isomorphism is called thePicard group and is denoted by Pic(M). The group operation is given by the
tensor product4 ⊗ and the inverse of a line bundleL is its dual line bundleL∗. By the group operation the
transition functions get multiplied or divided respectively. The unit of this group is given by the trivial
line bundle.

2A variety is a manifold with possible singularities, i.e. variety with no singularities is a manifold.
3For more details see for example [Sha94, p.256].
4Some authors write the tensor product additively, e.g. instead ofL ⊗ L ≡ L2 it is written 2L.
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There is a nice correspondence5 between divisors and line bundles onM. Let D be given by{ fα} with
fα ∈M ∗(Uα) and

gαβ =
fα
fβ
∈ O

∗(Uα ∩ Uβ), (2.1)

i.e.gαβ is a non-zero holomorphic function inUα ∩Uβ. We have furthermore the cocycle condition

gαβ · gβγ = gαγ for Uα ∩ Uβ ∩Uγ.

Thus we have a line bundleL with transition functions
{

gαβ
}

. This line bundle is called theassociated
line bundle of D and is denoted6 by [D].

The correspondence
[ ] : Div( M) // Pic(M)

is a group homomorphism, i.e.

[D + D′] = [D] ⊗ [D′] and [−D] = [D]−1.

The homomorphism [·] descends to the quotient

[ ] : Div( M)/ � // Pic(M) ,

where∼ denotes the linear equivalence of divisors. This homomorphism isinjective. The line bundle [D]
is trivial iff D = div( f ). Forprojective manifolds it is anisomorphism[GH78, p.161], where projective
means that the manifold can be holomorphically embedded inCPn for somen. The reason is that every
line bundleL of a projective manifold has a global meromorphic sections. Thus we define the inverse
mapping through

div(s) =
∑

V

ordV(s) · V.

Note that ifs is holomorphic, div(s) is effective.

The first Chern class of the associated line bundle of a divisor D, i.e.c1([D]), represents the Poincaré
dual of the homology cycle ofD. We will therefore writeD for c1([D]). One important consequence of
this fact is that the principal divisors are homologous to zero, i.e. the corresponding Chern class is zero.

2.1.2 Canonical Bundle

Let M be a complex manifold with complex dimensionm. Any complex manifold is a real differentiable
manifold and we can look at itstangent bundleTRM which is areal 2m-dimensional vector bundle on
M. Thecomplexified tangent bundleof M denoted by

TCM := TRM ⊗ C

has a natural decomposition in two pieces

TCM = T M ⊕ T M,

where we writeT M for theholomorphic tangent bundleandT M for theanti-holomorphic tangent
bundle. It is clear thatTCM is a complex2m-dimensional vector bundle onM. Let T∗M andT∗M

5Strictly speaking, this correspondence is valid only for Cartier divisors. In§ 3.2.2 this fact will play a role.
6It is often denoted byOM(D).
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D

NM,pD

TpD

TPM

M

p

Figure 2.1: The normal bundle of a divisorD in M at the pointp ∈ M

denote the dual bundle ofT M and T M respectively. Thecanonical bundle KM is the determinant
bundle ofT∗M, i.e.

KM = detT∗M =
m
∧

T∗M.

It is clear thatKM is a line bundle overM. The sections onKM are the (m, 0)-forms ofM. The dual
bundle ofKM denoted byKM−1 is called for obvious reason theanticanonical bundle. As it is well
knownKM andKM−1 play an essential role for the discussion of Calabi-Yau manifolds. We writeKM

for the corresponding divisor toKM, the canonical divisor. Obviously theanticanonical divisor is
−KM.

2.1.3 Adjunction Formulae

We look at the canonical bundle of a divisorD in M. It will be important because many Calabi-Yau
manifolds will be constructed as a divisor of a rather simpleambient manifold.

In order to determineKD we need the concept of thenormal bundle of a divisor7. The normal
bundleNMD is defined through the following short exact sequence

0 // TD i // T M|D
p

// NMD // 0 . (2.2)

Since the sequence is exact,i is injective andp is surjective, i.e. the mapsi and p are inclusion and
projection respectively. At each pointp ∈ M the vector spaceTpM is spanned by the basis vectors of
TpD andNM,pD

TpD ⊕ NM,pD = TpM ∀p ∈ M,

where the subscriptp means the bundle at the pointp. Figure 2.1 illustrates the concept of the normal
bundle.

Thefirst adjunction formula tells us that

NMD = [D]|D, (2.3)

7It is clear that the normal bundle can be defined for any subvariety of M. We restrict ourselves to divisors because we do
not need this concept for subvarieties with codimension greater than 1.
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where [D]|D means the usual restriction of [D] to D. Since a divisor is a codimension one object, its
normal bundle is complex one-dimensional, i.e. a line bundle.

Thesecond adjunction formulaallows us to determineKD

KD = KM|D ⊗ NMD = (KM ⊗ [D])|D, (2.4)

where in the second equality we used the first adjunction formula. We will use these formulae very often
as we go along.

2.1.4 Properties of the Chern Class

We list general properties of the Chern Class as we will use itextensively. One can find most of these
properties with corresponding proofs in [GH78, p.407].

Let c(E) denote the total Chern class of a complex vector bundleE. We denote thei-th Chern class
by ci(E). Furthermore we writec(M) for c(T M). Thei-th Chern class ofT M is an element ofH2i(M,Z),
the 2i-th cohomology class whose elements give integer numbers when integrated over 2i-cycles ofM.
Additionally, one can show thatci(M) ∈ Hi,i(M) which is the Dolbeault cohomology group of degree
(i, i).

One of the most important properties is thenaturalness. Let M andN be complex manifolds andf
aC∞-map

f : M // N.

Let furthermoreE be a holomorphic vector bundle onN and f ∗E be the pulled-back vector bundle8 on
M:

f ∗E
f̃

//

��

E

��

M
f

// N

Then
c( f ∗E) = f ∗c(E). (2.5)

The Chern class behavesnatural under the pull-back in the sense that the Chern class of the pulled-back
bundle is equal to the pull-back of the Chern class.

Let V′,V′′ and V be three holomorphic vector bundles onM. Assuming we have a short exact
sequence

0 // V′ // V // V′′ // 0,

we obtain for the total Chern class ofV

c(V) = c(V′) · c(V′′).

This includes the caseV = V′ ⊕ V′′. This formula is called theWhitney product formula . See for
example [Har77, p.430] or [BT82, Rem. 21.6].

8For the definition of the pull-back of a vector bundle see for example [BT82, p.56].
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Let E be a holomorphic vector bundle of rankk, then

c1(E ⊗ L) = c1(E) + k · c1(L).

Thus if L andL′ are complex line bundles on a complex manifoldM, then

c1(L ⊗ L′) = c1(L) + c1(L′). (2.6)

Let E be a holomorphic vector bundle on a complex manifoldM and letE∗ denote the dual bundle
of E, then

ck(E
∗) = (−1)k · ck(E). (2.7)

The canonical bundleKM has the first Chern class

c1(KM) = −c1(M). (2.8)

2.2 Complex Projective Spaces

One could say that complex projective spacesCPn are the most important complex manifolds. For
convenience we writePn for CPn. They are perfectly suited to illustrate the ideas of previous sections
without being trivial. We first fix the notation.

2.2.1 Notations forPn

For Pn there is a very natural line bundle, called thetautological bundle9 denoted byOPn(−1). It is
defined as follows [Huy04, p.69]

OPn(−1) =
{

(ℓ, v) ∈ Pn × Cn+1 | v ∈ ℓ
}

,

i.e. for every point inPn we take the line defined by the point as its fiber10. If we coverPn with the usual
open sets defined by

Ui = {zi , 0} ∩ Pn,

then the transition functions of this line bundle are

ϕi j =
zi

zj
for Ui ∩U j .

Let ω̃ ∈ H2(Pn,Z) denote the first Chern class ofOPn(−1).

We call the dual line bundle, i.e. the inverse line bundle, ofOPn(−1) thehyperplane bundle. It is
then natural to writeOPn(1) for it. We will soon see that the hyperplane bundle is the associated line
bundle for every hyperplaneH in Pn which is defined as the zero locus of a homogeneous polynomialof
degree 1. The transition functions are

ψi j =
zj

zi
for Ui ∩U j .

Letω ∈ H2(Pn,Z) denote the first Chern class ofOPn(1). It is clear using (2.7) thatω = −ω̃.

9Note that in the literature it is sometimes called thecanonical line bundleof Pn. However, the wordcanonicalis over-
loaded and one can confuse it with the canonical bundleKPn which also is a line bundle.

10It’s so tautological!

9



V0 V1

U0 1 z1/z0

U1 z0/z1 1
U2 z0/z2 z1/z2

U3 z0/z3 z1/z3

Table 2.1: Local defining functions for hyperplanesV0 andV1

The total Chern class ofPn is [GH78, p.409]

c(Pn) = (1+ ω)n+1.

The i-th Chern classes can be obtained by expandingc(Pn), e.g. the first Chern class is

c1(Pn) = (n+ 1)ω.

Using (2.8), we obtain
c1(KPn) = −(n+ 1)ω.

If we write OPn(m) for OPn(1)m andOPn(−m) = OPn(−1)m, the line bundleOPn(−(n + 1)) has the same
first Chern class asKPn employing (2.6). Since a line bundle is determined by the first Chern class, we
obtain

KPn = OPn(−(n+ 1)).

The Picard group ofPn is particularly simple [GH78, p.145]

Pic(Pn) � H2(Pn,Z) � Z,

i.e. every line bundle onPn is a power ofOPn(1). Now it is clear why the notationOPn(m) makes sense.
Additionally, global sections ofOPn(m) correspond to homogeneous polynomials of degreem.

2.2.2 Divisors inPn

Let us consider two hyperplanesV0 andV1 of P3 with homogeneous coordinatez = (z0, z1, z2, z3). The
first hyperplaneV0 is defined as the zero locus of the homogeneous polynomialf0(z) = z0, i.e.

V0 = {0, z1, z2, z3} ∩ P
3
� P

2.

The second hyperplaneV1 is defined analogously withf1(z) = z1. The hyperplaneV1 is also isomorphic
to P2.

To analyze the hyperplanes as divisors ofP3, we first coverP3 with the usual open sets

U0 = {z0 , 0} ∩ P3,

U1 = {z1 , 0} ∩ P3,

U2 = {z2 , 0} ∩ P3,

U3 = {z3 , 0} ∩ P3.

Table 2.1 shows the local defining functionsgi andhi for V0 andV1 respectively. Functions onUi should
be well defined, i.e. invariant under theC∗-action sinceUi are not projective. This is the reason why the
local defining functionsgi and fi are of the given form. Since the coordinatezi is non-zero inUi , we

10



divide fi by it to obtain an invariant function. The constant function1 in U0 for V0 also makes sense
sinceV0 ∩U0 = ∅. Additionally, we easily see that

gi

g j
,

hi

h j
∈ O

∗(Ui ∩ U j).

Thus we have a divisor description forV0 andV1.

We now construct the associated line bundles [V0] and [V1]. The transition functions are for both
divisors using (2.1)

ϕi j = zj/zi for Ui ∩U j ,

i.e. [V0] and [V1] are identical. This means

V0 ∼ V1

since the homomorphism [·] is injective. This we can see also at the level of local defining functions of
V0 andV1. From the Table 2.1 we see again that

hi = gi ·
z1

z0
∀i.

Thus we obtain
V1 = V0 + div

(z1

z0

)

.

Since div(f ) with a global meromorphic sectionf defines a homologous trivial divisor,V0 andV1 are
represented by the same class in the homology.

Obviously we can generalize this construction forPn with more general homogeneous polynomials
f0 and f1 both of degreed whose zero loci define two hypersurfacesD0 and D1. The local defining
functions are

gi =
f0
zd
i

and hi =
f1
zd
i

.

We see again that

hi = gi ·
f1
f0
.

Both divisors are linearly equivalent because

D1 = D0 + div
( f1

f0

)

.

Moreover, we have

D0 ∼ D1 = dV0 + div
( f1
zd
0

)

,

where the local defining functions fordV0 arezd
0/z

d
i . The associated line bundle is obviously [V0]d for

D0,D1 anddV0.

11



2.2.3 Calabi-Yau Hypersurfaces inPn

In this section we show for example that the quintic inP4 is Calabi-Yau. The total Chern class ofP4 is

c(P4) = (1+ ω)5.

Let V be a hypersurface defined as the zero locus of a homogeneous polynomial of degreed in P4. We
know thatV is linearly equivalent todV0. We apply the first and the second adjunction formulae (2.3,2.4)
to obtain

KV =
(

KP4 ⊗ [V0]d
)

∣

∣

∣

∣

V
. (2.9)

We obtain the first Chern class ofV by applying11 c1(·),

−c1(V) = c1(KV) = c1

(

KP4
)

+ c1

(

[V0]d
)

= −c1

(

P
4
)

+ d · ω

= (−5+ d)ω.

We want to have vanishing first Chern class forV. Thus we needd = 5, i.e. a quintic. We can trivially
generalize this analysis toPn, essentially just by replacing 4 byn. The zero locus of a homogeneous
polynomial of degree (n+ 1) in Pn is Calabi-Yau.

11We can ignore the restriction toV when we applyc1(·) to (2.9) due to the naturalness of the Chern class. The restriction is
the pull-back of the inclusion and the Chern class behaves naturally under the pull-back.
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Elements of Toric Geometry

There are surely worse things than being wrong,
and being dull and pedantic are surely among them.

Mark Kac, Quoted in [Mac93]

Toric geometry is a very fruitful and exciting topic, mathematically and physically. Mathematically
it is a beautiful playground for deep algebro-geometrical theorems. Why it is also relevant for physics
or at least for string theory, we will describe in this chapter. Following Kac’s remark we will take a
pragmatic approach and will not be mathematically rigorousand rely heavily on pictures and reader’s
intuition.

3.1 Basics of Toric Geometry

First of all, toric geometrycannotdescribe the conventional torus,C/Λ, whereΛ is a lattice. The torus in
toric geometry is thealgebraic torus, (C∗)n. A toric variety of complex dimensionn is a variety which
contains the algebraic torus(C∗)n as an open subset and on which an action of this torus is defined. In
this section we describe how toric varieties are constructed. The reader should remind himself that this
is only arecipeand therefore we set no great store by mathematical rigour orbackground1.

3.1.1 Fans

The very basic object of a toric variety is called fan. To be able to define a fan, we need some more
terminology. For our discussion alattice N will be Zn as shown in Figure 3.1(a). LetM � Zn denote the
dual lattice to N. We will needM when we discuss Calabi-Yau hypersurfaces in toric varieties.

Let S = {vi} be a finite set of vectors inNR, where2 NR = N ⊗ R � Rn. We now define theconvex
polyhedral coneσ

σ = Cone(S) =
{∑

i λivi | λi ≥ 0
}

.

A strongly convex polyhedral coneis a convex polyhedral cone which satisfies

σ ∩ (−σ) = ∅,

where (−σ) = Cone(−S). Strong cones thus do not contain a line through the origin.For example,
the coneσ1 in Figure 3.1(b) is an example for a strongly convex cone. Theconeσ2 in contrast is only
convex.

1In § A.1 we describe the construction in more detail.
2To be more precise, we should writeN ⊗Z R. For our discussion however, this is not important.
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Figure 3.1: Basic objects of toric geometry

Because three attributes are not enough, we add one more and look at thestrongly convex rational
polyhedral cone. We demand that the vectorsvi in S are not just elements ofNR, but also ofN. Figure
3.1(c) shows examples of two-dimensional strongly convex rational polyhedral cones.

We use Figure 3.2 to define aface τ of a coneσ since the concept is intuitively clear. A face of
codimension 1 is called afacet.

Now we define thefan Σ. It is a collection of cones satisfying following three properties:

1. Every cone inΣ is a strongly convex rational polyhedral cone.

2. If σ ∈ Σ andτ is a face ofσ, thenτ ∈ Σ.

3. If σ1, σ2 ∈ Σ andσ1 , σ2, thenσ1 ∩ σ2 is a face of each.

Since we are going to work only with strongly convex rationalpolyhedral cones, we just writecone
from now on. The third point in the definition of the fan means that two cones of equal dimension are
not allowed to have a non-trivial intersection which is not aface of each. This means for example that a
cone is not contained in any other equally dimensional cones. It should be noted that every fan contains
the zero-dimensional cone which is the origin. Figure 3.1(d) shows a fan with four two-dimensional
conesσ1, σ2, σ3, andσ4. It contains also the zero-dimensional cone and four one-dimensional cones
generated by the four vectors shown. We use the notiongeneratorsof the one-dimensional cones and
the vectors interchangebly3. See also Figure 3.2 for a three-dimensional example of a fan.

3We only consider fans which contains all one-dimensional cones generated by the vectors in the fan.
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one-dimensional face

two-dimensional face

Figure 3.2: Example of a fan inNR � R3

Σ1 Σ2

Σ

Figure 3.3: Possible choices of cones in a fan

It should be noted that it is not enough to just give the one-dimensional generators to specify a fan.
See the fansΣ, Σ1 andΣ2 in Figure 3.3. They have the same four one-dimensional generators, but have
different cones in them. Thus we also have to specify which cones the fan contains. The transition
betweenΣ1 andΣ2 is called aflop. Examples of flops will be discussed in§ 6.3.

There is another important object in toric geometry calledrational polyhedron4 P. Let S be a finite
set of points in the latticeN. We call these pointsvertices. Rationalmeans that all vertices are not only
points ofNR, but also ofN. From now on we writepolyhedron for rational polyhedron. The polyhedron
P ∈ NR is the convex hull of points inS

P =
{

∑n
i=1 λi pi | pi ∈ S and

∑n
i=1 λi = 1

}

.

Facesof P are obviously defined as in the case of cones. See Figure 3.4 for examples. Faces of codi-
mension 1 are called againfacets. We can associate a fanΣ(P) to P. The cones inΣ(P) are the cones
over the faces ofP. See Figure 3.5 for a simple example. It is clear that vertices form the generators in
Σ(P). We assume that every polyhedron contains the origin. If wesay we construct a toric variety from
a polyhedron, we mean that we do it through the associated fan5. Note that toric varieties constructed
from a polyhedron are projective [Cox05, Thm. 4.1]. For an example of non-projective toric variety,
consider a two-dimensional fan which consists of two one-dimensional cones for which the origin is the

4In the literaturepolytopesare often used instead of polyhedrons. Polytopes are bounded polyhedrons. For our purposes
they are the same because we only consider bounded polyhedrons.

5One normally starts with a polyhedronP∗ in the dual latticeMR. FromP∗ one determines the so-callednormal fan which
is in NR. To rigorously define it would take much more space and care. We skip it [Ful93, p.26].
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Figure 3.4: Faces of a polyhedron

P

Σ(P)

Figure 3.5: Associated fan of a polyhedron

only face they share. This fan does not stem from a polyhedron. Thus the toric variety constructed from
this polyhedron will not be projective.

3.1.2 Homogeneous Coordinates Construction

There are many ways to construct a toric variety from a fan. Toname the most typical two, there are
the construction using Spec(·)6 and the homogeneous coordinate construction. The first construction
is more classical and somewhatlocal. To read more about this method, see for example [Oda85] or
[Ful93]. The homogeneous coordinates method is easier and is aglobal approach, see [Cox05, Lect. 3]
or [HKK+03,§ 7] and for a proof [Cox93, Thm. 2.1]. We will use the second method. By doing so, it is
easy to see that toric varieties aregeneralizedweighted projective spaces. Therefore we first review the
construction ofPn out ofCn+1 and redo the steps for toric varieties.

To obtainPn, we do the following:
Step 1: Start withCn+1.
Step 2: Subtract{0} fromCn+1.
Step 3: Define an action ofC∗ onCn+1 − {0}: (z1, . . . , zn+1)→ λ(z1, . . . , zn+1).
Step 4: Take the quotient ofCn+1 − {0} by theC∗-action.

We go through the steps with an easy example. We take Figure 3.6(a) as the fan for this example.
Since the latticeN is two-dimensional, we will get a complex two-dimensional toric variety. In general,
if we want to construct complexn-dimensional toric varieties,N = Zn.

6Spec(R) means the set of all prime ideals of a ringR.
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Figure 3.6: Fans of simple toric varieties

Step 1: Let (V) denote the set of generators of one-dimensional cones

(V) =































v1
v2
v3
v4































=































1 0
−1 0
0 1
0 −1































. (3.1)

We have four generators, so we start withC4. We assign to eachvi a coordinatezi of C4 which is called
a homogeneous coordinate.
Step 2: We now have to subtract a set of points fromC4. This set is called theexceptional set7 Z(Σ).
To determineZ(Σ), we have to determine all sets ofvi which do not span a cone8 in Σ. In this example
these are

{v1, v2}, {v3, v4}, {vi , v j , vk} for i, j, k all different, and{v1, v2, v3, v4}.

We set

Z(Σ) = {z1 = z2 = 0} ∪ {z3 = z4 = 0} ∪ {z1 = z2 = z3 = 0} ∪ {z1 = z2 = z4 = 0}

∪ {z1 = z3 = z4 = 0} ∪ {z2 = z3 = z4 = 0} ∪ {z1 = z2 = z3 = z4 = 0}

= {z1 = z2 = 0} ∪ {z3 = z4 = 0}. (3.2)

We now subtractZ(Σ) from C4.
Step 3: In this step we have to define an action of (C∗)m onC4 − Z(Σ), where we have to determinem.
For this purpose we find linear combinations of{vi} with

∑

i

qivi = 0.

7In the literature it is sometimes called theStanley-Reisner idealor thevariety of the irrelevant ideal.
8The exceptional set encodes information about cones in the fan, i.e. the choice of cones as described in§ 3.1.1.
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The coefficientsqi are calledcharges9. See§ A.1 for more details. In our example, we have two linearly
independent charge vectors































1
1
0
0































and































0
0
1
1































.

It is obvious that the charge vectors are not unique.
∑

i

qi j vi = 0 for j = 1, . . . , ℓ

⇒

ℓ
∑

j=1

α j















∑

i

qi j vi















=
∑

i



















ℓ
∑

j=1

α jqi j



















vi

=
∑

i

wivi = 0,

whereqi j denotes thei-th component of thej-th charge vector. If we have one set of charges
{

qi j

}

, we
can use another set of charges whose charge vectors have the form wi =

∑

j α jqi j as long as they are
linearly independent. The resulting toric variety will be the same. We conveniently write the generators
of the one-dimensional cones and the charges in one matrix denoted by (V | Q)

(V | Q) =































1 0 1 0
−1 0 1 0
0 1 0 1
0 −1 0 1































.

Once the charges are determined, we can define the (C
∗)m-action. Since we have two charge vectors,

m= 2. Thei-th charge vector defines thei-th C∗-action:































z1

z2

z3

z4































∼































λ1z1

λ1z2

λ0z3

λ0z4































and































z1

z2

z3

z4































∼































µ0z1

µ0z2

µ1z3

µ1z4































(3.3)

Step 4: We finally obtain the toric varietyXΣ

XΣ =
C

4 − Z(Σ)

(C∗)2
.

From (3.3) and (3.2) it is clear that
XΣ � P

1 × P1.

In § A.1 we discuss this construction in more detail.

We look at other easy examples. Figure 3.6(c) shows a fan of dimension 1. We start withC2 since
we have two vectors. The exceptional set is clearly{z1 = z2 = 0}. The only charge vector is

(

1
1

)

.

9If the vectors{vi} are linearly independent, there will not be any charges. We will treat these cases in§ 6.2.
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Thus the resulting toric variety isP1. Analogously, Figure 3.6(d) shows the fan ofP2. In general, the
(V | Q) matrix forPn is

(V | Q) =































1 · · · 0 1
...

. . .
...

...

0 · · · 1 1
−1 · · · −1 1































=































1
1n 1

1
−1 · · · −1 1































,

where1n denotes then × n identity matrix. The cones generated by every possible combination of n
vectors are included in the fan. Thus we subtract only the origin fromCn+1 becausevi alltogether, i.e.
(n + 1) vectors, do not span a cone. We see also that every homogeneous coordinate is scaled by the
same factor as it should be.

We look at the last example. Let Figure 3.6(b) be the fanΣ, i.e.

(V | Q) =































1 0 1 0
−1 −n 1 0
0 1 n 1
0 −1 0 1































, (3.4)

wheren ∈ N. Note that ifn = 0 we getP1 × P1. Analogously toP1 × P1, the exceptional set is

Z(Σ) = {z1 = z2 = 0} ∪ {z3 = z4 = 0}.

The (C∗)2-action onC4 − Z(Σ) is































z1

z2

z3

z4































∼































λ1z1

λ1z2

λnz3

λ0z4































and































z1

z2

z3

z4































∼































µ0z1

µ0z2

µ1z3

µ1z4































.

These complex surfaces parametrized byn are calledHirzebruch surfacesFn. There is another descrip-
tion of Fn as follows [BPvdV84, p.140] or [Ful93, p.8 and p.131]

P
1 // P(OP1 ⊕ OP1(n))

��

P
1

,

whereP(·) denotes the projectivization overC∗ of the argument, e.g.Pn = P(Cn+1). We denote the trivial
line bundle overP1 by OP1 = OP1(0) and then-th power of the hyperplane bundle overP1 by OP1(n) as
in § 2.2.

3.1.3 Properties of Toric Varieties

We describe in this section how one can read off properties like compactness and smoothness from the
fan of the toric variety.

First, we discusscompactness. A toric variety is compact if the fanΣ fills the wholeNR, i.e. if the
union of all cones inΣ is equal toNR. We write

|Σ| = NR. (3.5)
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Figure 3.7: Fans ofC2/Z2 and Res(C2/Z2)

The four simple examples discussed in§ 3.1.2 are all compact.

Another important property to discuss is thesmoothness. A toric variety is smooth if every cone in
the fan is generated by linearly independent vectors and if the vectors can be completed to aZ-basis of
N. This makes the task to resolve a singularity in a toric variety comparably easy.

For a simple example see Figure 3.7. First, consider the toric varietyXΣ1 constructed fromΣ1. We
have one two-dimensional coneσ and two one-dimensional cones. Note thatXΣ1 is not compact since
(3.5) is not satisfied. Furthermore the two vectorsv1 andv2 do not constitute aZ-basis forZ2. ThusXΣ1

is singular. It is actually the orbifoldC2/Z2. We resolve the singularity by adding a generatorw1, i.e.
by subdividing σ in two conesτ1 andτ2. NowΣ2 has two two-dimensional cones and their generators,
i.e. {v1, w1} and{v2, w1} form both aZ-basis ofZ2. This is the blowup of the orbifoldC2/Z2. We will
describe non-compact Calabi-Yau orbifolds and their resolutions in§ 6.

This gives a rather simple criterion to test whether a fan will yield a smooth toric variety [Gre96,
p.111]. We take a maximally dimensional cone and its generators. First, test whether the generators are
linearly independent. If they are, then calculate the determinant of the matrix formed by the generators.
Do this for every maximally dimensional cone and if the absolute value of all determinants is equal to 1,
the resulting toric variety will be smooth.

3.1.4 Divisors

In a toric variety the description of divisors is very simpleand intuitive.

Let Σ be a fan andvi the vectors inΣ for i = 1, · · · , r. We denote the toric variety constructed fromΣ
by X. We assign a homogeneous coordinatezi to eachvi. As explained in§ A.6, there is an one-to-one
correspondence betweenvi and divisorsDi of X. Let us considerD1. We have an isomorphism [Cox93,
§ 1]

Γ(X, [D1]) �



















z1 ·
∑

m∈PD1∩M















am

∏

i

z〈m,vi〉i

































,

whereΓ(X, [D1]) denotes the set of global sections on [D1] and

PD1 = {m ∈ MR | 〈m, v1〉 ≥ −1 and〈m, vi〉 > 0 for i ≥ 2} .

As shown in (A.7), the
∑

m

(

am
∏

i z〈·,·〉i

)

part yields a divisor linearly equivalent to zero. Thus

D1 = {z1 = 0} .

This means that for eachvi there is a divisor correspondingDi which is defined by the vanishing of
the associated coordinatezi . The linear equivalences betweenDi are given by the components ofvi as
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Σ

Figure 3.8: Fan of a Calabi-Yau toric varietiy

follows
r

∑

i=1

vi j Di ∼ 0 for j = 1, · · · , n,

wherevi j denotes thej-th component of thei-th vector andn the dimension of the lattice. In§ A.2 it is
explained how this relation comes about. LetQi denote thei-th row of (Q). As also explained in§ A.2,
the rowsQi can be seen as formal coordinates ofDi.

3.2 Calabi-Yau Manifolds in Toric Geometry

Toric geometry would not play such a big role in string theoryif it could not produce Calabi-Yau mani-
folds. We will see two different ways how one can obtain Calabi-Yau manifolds in toric geometry. These
two methods produce non-compact and compact varieties and both are very useful in string theory.

3.2.1 Toric Varieties as Calabi-Yau

Since topological and geometrical properties depend on thefan of a toric variety, we should be able to
read off the Calabi-Yau condition from the fan. Indeed, given the one-dimensional generators of the fan,
we can easily see whether the resulting variety will be Calabi-Yau or not.

A toric variety X is Calabi-Yau if all one-dimensional generators lie on a hyperplane. Without loss
of generality, the matrix (V) has the form

























v11 · · · v1,m−1 1
...

. . .
...

...

vn1 · · · vn,m−1 1

























. (3.6)

The canonical divisor ofX is given by [Ful93, p.85]

KX = −

n
∑

i=1

Di ,

whereDi is the divisor corresponding to the vectorvi. UsingKX and the linear equivalences described
in § 3.1.4, we can easily see why toric varieties with (V) of the form (3.6) are Calabi-Yau:

n
∑

i=1

vi,mDi ∼ 0⇒
n

∑

i=1

Di = −KX ∼ 0.

ThusKX is trivial. Figure 3.7 and 3.8 show such fans. As one can see, this kind of toric varieties are
non-compact. Thus it seems that it is of limited use for string theory and especially for model building.
However, for resolving singularities of orbifold models, this can be indeed very useful. Local models
of orbifolds can be described as toric varieties. In§ 6 we will describe how to construct non-compact
Calabi-Yau orbifolds, how to resolve them and how one can obtain the intersection numbers of divisors.
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3.2.2 Calabi-Yau Hypersurfaces in Toric Varieties

SincecompactCalabi-Yaun-folds are needed for F-theory compactification, we have to do something
else. There is a method introduced by V. Batyrev [Bat94]. To obtain a compact Calabi-Yau manifold,
we take a compact toric variety and construct a hypersurfacewhich is Calabi-Yau.

We first define the main object for this construction, thereflexive polyhedron∆ ∈ MR and itsdual
polyhedron10 ∆∗ ∈ NR. A polyhedron is calledreflexive if it contains only the origin as the integral
interior point. A point p ∈ ∆ is called interior ifp is not lying on any face of∆. The dual polyhedron is
defined as follows

∆∗ = {x ∈ NR | 〈x, y〉 ≥ −1 ∀y ∈ ∆} . (3.7)

One can show that∆ is reflexive iff ∆∗ is reflexive and that∆ = (∆∗)∗ [Bat94, Thm. 4.1.6]. The pair
(∆,∆∗) is called areflexive pair11. The toric varieties constructed from reflexive polyhedrons are called
toric Fano varieties [Voi99, Def. 4.11 and Prop. 4.14].

Let ∆ ∈ MR be a reflexive polyhedron and∆∗ ∈ NR its dual12. We construct the toric variety
from the associated fanΣ(∆∗). Let r be the number of one-dimensional cones inΣ(∆∗), i.e. we haver
homogeneous coordinateszi. Let vi denote the generators of one-dimensional cones. The hypersurface
defined by the following polynomial

p =
∑

m∈∆∩M















am

r
∏

i=1

z〈m,vi〉+1
i















(3.8)

is then Calabi-Yau. Now we look at the polynomialp in detail. The sum runs over all integral pointsm
in ∆. The product runs over allvi. Note that the power of eachzi in the product is non-negative because
of (3.7). See appendix A.3 for arguments leading to the form of p. It is shown there thatp is a section
of the anticanonical bundle ofX. The coefficient in front of the monomials

∏

k z〈·,·〉+1
k can be chosen at

will like the coefficients of the quintic inP4. As we will see in§ 5.4, the coefficientsai form a part of
the complex structure moduli of the resulting hypersurface.

There is one important issue to be discussed. Many toric Fanovarieties and so their Calabi-Yau
hypersurfaces obtained this way are singular. Thus we want to at least partly desingularize the hypersur-
faces13. Let X be a singluar toric Fano variety constructed fromΣ andX′ a desingularization ofX. As we
will momentarily see, the desingularization procedure will add exceptional divisors toX, i.e. additional
vectors toΣ. LetΣ′ denote the fan ofX′. We have a natural projection

τ : Σ′ // Σ

of fans. The mapτ induces a holomorphic map [Oda85, Thm. 1.13]

τ∗ : X′ // X.

We call a desingularizationcrepant if

(τ∗)
∗(KX) = KX′, (3.9)

10The dual polyhedron is sometimes called thepolar polyhedron.
11In the literature the pair (∆,M) is sometimes called reflexive pair and of course (∆∗,N), too.
12It would be more natural to denote the polyhedron inNR by ∆. However the other way around is the most common

convention which we also follow.
13We will remark later why we cannot completely desingularizeit.
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Figure 3.9: Triangulation of a polyhedron

i.e. if the pulled-back canonical bundle underτ∗ of the singular variety is equal to the canonical bun-
dle of the desingularization. One can show that for toric Fano varieties there exists amaximalcrepant
desingularization which is called themaximal projective crepant partial desingularization,MPCP-
desingularization in the literature [Bat94, Thm. 2.2.24].For this kind of desingularization we take all
integral points of∆∗, i.e. ∆∗ ∩ N, and construct the fan. However, ambiguities will occur in general.
Figure 3.9 illustrates an example. Let’s assume, the pointsdrawn in Figure 3.9 are integral points of the
polyhedron. Then there are different possibilities to define cones over the faces. Two of those so-called
triangulations T1 andT2 are depicted in Figure 3.9. The two triangulations will obviously yield differ-
ent fans. Thus after we have identified all integral points of∆∗, we have to choose a triangulation14 to
obtainΣ(∆∗). In general, the resulting toric varietyX′ will still contain singularities, even after MPCP-
desingularization. However, toric Fano varieties will contain only quotient singularities, i.e. orbifold
singularities [Bat94, Prop. 2.2.2, Def. 2.2.13, and Thm. 2.2.24]. We again take the polynomialp′ of the
form (3.8). This time, we have more generators because the desingularization added a number of gen-
erators of one-dimensional cones. The resulting hypersurfaceZ′ will be in general smooth for ambient
toric varieties of dimension 4 [Bat94, Cor. 4.2.3], i.e. Calabi-Yau threefolds constructed this way will be
in general smooth. For higher dimensions, e.g. for Calabi-Yau fourfolds, the resulting hypersurfaces will
contain orbifold singularities in general since the ambient toric variety contains orbifold singularities.

Note that Batyrev’s construction is manifestly mirror symmetric. One of the main consequences of
mirror symmetry is the symmetry betweenhn−1,1 andh1,1 of Calabi-Yaun-folds. Let Z be a Calabi-
Yau n-fold constructed from a MPCP-desingularized fan associated to a reflexive polyhedron∆∗ ∈ NR.
Batyrev has given combinatorial formulae for the Hodge numbers [Bat94, Thm. 4.3.7 and Thm. 4.4.2]:

hn−1,1(Z) = l(∆) − n− 1−
∑

codimΘ=1

l∗(Θ) +
∑

codimΘ=2

l∗(Θ) · l∗(Θ∗), (3.10)

h1,1(Z) = l(∆∗) − n− 1−
∑

codimΘ∗=1

l∗(Θ∗) +
∑

codimΘ=2

l∗(Θ∗) · l∗(Θ).

We now explain each term in the formulae:Θ andΘ∗ denote a face of∆ and a face of∆∗ respectively.
We denote the number of integral points inΘ by l(Θ) and the number of integral points in the interior of
Θ by l∗(Θ). Since∆ is also reflexive, let̃Z denote the Calabi-Yaun-fold constructed from∆. As one can
easily see

hn−1,1(Z) = h1,1(Z̃) and h1,1(Z) = hn−1,1(Z̃).

One could ask why we only look at reflexive polyhedrons. To obtain a Calabi-Yau manifold as a
hypersurface, we “just” have to take a section of the anticanonical bundle and the second adjunction
formula does the job. What is so special about reflexive polyhedrons? The point is that toric Fano

14The triangulation has to satisfy number of conditions to yield a crepant desingularization [Bat94, Def. 2.2.15].
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varieties have special type of singularieties such that after MPCP-desingularization described above, we
end up with “mild” orbifold singularities. If the singularities were too worse, we could not even apply the
adjunction formula. Furthermore, among other interestingproperties the anticanonical divisor of toric
Fano varieties is Cartier [Voi99, Def. 4.11], thus we can talk about anticanonical bundle and sections of
it. It is now at least plausible why we only look at toric Fano varieties and the crepant desingularization:
we want to preserve these “good” properties of the anticanonical divisor and do not want to destroy them
by desingularization.
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Sheaves in Algebraic Geometry

Geometry is magic that works.
René Thom, [Tho72]

This chapter serves as a preparation for the discussion of brane moduli and complex structure moduli.
Since sheaves and sheaf cohomology play an essential role inalgebraic geometry, they are unavoidable
for the discussion of the moduli. We introduce only the minimal amount of new terms needed for the
discussion of the moduli.

4.1 Sheaves

One cannot think of the modern algebraic geometry without sheaves. Here we give the definition of a
sheaf and look at several examples. For large part we follow [GH78,§ 0.3].

A sheaf1 is an abstract way of putting “things”, e.g.C∞-functions, holomorphic functions etc., on
a topological space. Although sheaves can be defined over general topological spaces, we restrict our-
selves to sheaves over compact manifolds. LetM be a compact manifold. AsheafS assigns to every
open setU of M an Abelian group denoted byS (U) and to any two open setsV ⊆ U a group homo-
morphism

rUV : S (U) // S (V)

which is called therestriction map. The restriction map is conveniently writtenσ|V for σ ∈ S (U) and
V ⊆ U. The restriction map has to satisfy three conditions:

1. For any three open setsW ⊆ V ⊆ U, we haverUW = rVW ◦ rUV.

2. Forσ ∈ S (U ∪ V) with σ|U = σ|V = 0, i.e.rU∪V,U(σ) = rU∪V,V(σ) = 0, we haveσ = 0.

3. For any two open setsU1 and U2 and two elements of the corresponding Abelian groups
σ1 ∈ S (U1) andσ2 ∈ S (U2) with σ1|U1∩U2 = σ2|U1∩U2, i.e. rU1,U1∩U2(σ1) = rU2,U1∩U2(σ2),
we have unique2 elementσ ∈ S (U1 ∪ U2) such thatσ|Ui = σi.

The Abelian groupS (U) is also called theset of sectionsof S overU.

Now we look at some examples. The first example isC∞, the sheaf ofC∞-functions. The set of
holomorphic and nonzero holomorphic functionsO andO∗ are also examples of sheaves and likewise
M andM ∗, sheaves of meromorphic and not identically zero meromorphic functions. The sheaf of
holomorphic functions ofM is also called thestructure sheaf and is often denoted byOM . For our
purpose, the discussion of the brane moduli, the sheaf of local C∞-forms of degree (p, q) denoted by
A p,q is the most important example. For more examples see [GH78, p.36].

1It’s a translation of the French wordfaisceau. In German it is translated asGarbe.
2The uniqueness is a consequence of the second condition.
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4.2 Cohomology of sheaves

There are many ways3 to obtain cohomology of sheaves. We look at two of them:Čech cohomology
and cohomology through fine resolutions.

4.2.1 Čech cohomology

Sheaf cohomology can be defined purely combinatorially, seefor example [GH78, p.38], [BT82, p.110],
or [Kod86,§ 3.3.(b)]. LetM be a compact manifold andS a sheaf onM. LetU = {Ui}i∈I be an open
cover4 of M. We call a set

{σi ∈ S (Ui) | ∀i ∈ I }

a 0-cochainc0 respect toU. Thusc0 assigns to eachUi an elementσi ∈ S (Ui). A 1-cochainc1 is a set
{

σi j ∈ S (Ui ∩U j) | ∀i, j ∈ I with Ui ∩ U j , ∅
}

with σi j = −σ ji . Let Ui0...ip denote the intersectionUi0 ∩ · · · ∩ Uip. Generally, ap-cochaincp is a set

{

σi0...ip ∈ S (Ui0...ip) | ∀i0, . . . , ip ∈ I with Ui0...ip , ∅
}

,

whereσi0...ip are antisymmetric in all indicesi0, . . . , ip. The set of allp-cochains with respect toU we
denote byCp(U,S ).

We now want to define a map analogous tod for differential forms to be able to do cohomology
theory. Therefore, we define thecoboundarymapδp−1 for p ≥ 0

δp−1 : Cp−1(U,S ) // Cp(U,S ) .

Let cp−1 =
{

σi1...ip

}

be a (p− 1)-cochain, then

δp−1cp−1 = δp−1
{

σi1...ip

}

=

p
∑

j=0

(−1) j σi0...ı̂ j ...ip

∣

∣

∣

Ui0...i p

=
{

τi0...ip

}

= cp ∈ Cp(U,S ),

where the index with a hat is omitted. Note that the index ofσ goes from 1 top, i.e. we havep indices.
For τ the index goes from 0 top, thus we havep+ 1 indices. Because of the factor (−1) j , the resulting
p-cochain is antisymmetric in its indices. It follows that (δp+1 ◦ δp)cp = 0 for all cp. Thus we obtain a
cochain complex

C0(U,S ) δ0
// C1(U,S ) δ1

// C2(U,S ) δ2
// · · · .

As usual, we consider the set of exactp-cochainsZp(U,S ) which is the kernel ofδp, i.e.,

Zp(U,S ) =
{

cp ∈ Cp(U,S ) | δpcp = 0
}

= Kerδp.

Theq-th cohomology groupHq(U,S ) is defined as follows

Hq(U,S ) = Zq(U,S )/δq−1Cq−1(U,S ) = Kerδq/ Im δq−1.

3See [Har77, p.201] for a list and references for each approach.
4To be more precise,U has to belocally finite. See for example [Kod86,§ 2.1.(c)]. However, since we consider only

compact manifolds, this is irrelevant.
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Note that we setH0(U,S ) = Z0(U,S ). The zeroth cohomology group can be described in a different
way. Letc0 = {σi} ∈ Z0(U,S ). Then

σi − σ j = 0⇒ σi = σ j in Ui j for Ui j , ∅.

This simply means thatc0 is a global section ofS on M. Thus

H0(U,S ) = Γ(M,S ).

Everything so far has been defined for a fixed5 U. However, one can obtain well defined cohomology
groups ofM with coefficients inS denoted byHq(M,S ) which do not depend onU. One considers
a limiting process, whereU becomes “infinitely fine” [Kod86, p.117]. We callHi(M,S ) the i-th sheaf
cohomology group ořCech cohomologygroup6.

4.2.2 Fine Resolutions

Let M be a compact complex manifold andE a complex vector bundle overM. Let OM(E) denote the
sheaf of local holomorphic sections onE. It will be crucial to be able to determine the cohomology
groupsHq(M,OM(E)). Since there is no worry for confusion, we writeHi(M,E) for Hi(M,OM(E)).
Fine resolution is a convenient method to calculate these groups. We first discuss fine sheaves, fine
resolutions, and then the Dolbeault theorem [Hir78,§ 2.11 and§ 15] or [Kod86,§ 3.4].

We will not give a precise definition of afine sheaf, but refer to [Hir78,§ 2.11] or [Kod86, Def.
3.13]. It is sufficient for us thatA p,q(M) are fine sheaves. There is one important property of fine
sheaves which is relevant. LetS be a fine sheaf. Then

Hn(M,S ) = 0 ∀n ≥ 1. (4.1)

Note that for a sheaf to be fine implies this property, but in general not vice versa.

An exact sequence of sheaves

0 // S
h // S0

h0
// S1

h1
// S2

h2
// · · · (4.2)

is called aresolution of S if

Hq(M,Sp) = 0 for q ≥ 1 and p ≥ 0.

A resolution is calledfine if Sp are fine sheaves forp ≥ 0. It is therefore clear that ifSp are fine for all
p ≥ 0 and we have an exact sequence of form (4.2), then this sequence is a resolution because of (4.1).
We applyΓ(M, ·) to the fine resolution (4.2) to obtain

0 // Γ(M,S )
h∗ // Γ(M,S0)

h0
∗ // Γ(M,S1)

h1
∗ // Γ(M,S2)

h2
∗ // · · · , (4.3)

a sequence of global sections which is in general not exact. This sequence is a cochain complex since
hp+1
∗ ◦ hp

∗ = 0. Thus we can consider its cohomology groups. The main pointof considering fine
resolutions is that surprisingly

H0(M,S ) � Kerh0
∗,

Hq(M,S ) � Kerhq
∗/ Im hq−1

∗ for q ≥ 1,

5However,H0(U,S ) is independent ofU sinceH0(U,S ) = Γ(M,S ).
6To be precise, the cohomology of sheaves is defined by injective resolutions, see for example [Har77, Asp04, Ban07].

One can show that these groups are canonically isomorphic totheČech cohomology groups for paracompact spaces [Ban07,
§ 1.2.2]. We only consider sheaves on compact spaces. Thus it does not matter for us.
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i.e. theq-th cohomology group of the complex (4.3) obtained from a fineresolution (4.2) is isomorphic
to the cohomology groupHq(M,S ) defined as in§ 4.2.1. Note that the zeroth cohomology group is
not defined as Kerh0

∗/ Im h∗ as one might assume, but as Kerh0
∗. Thus the cohomology groups ofS are

determined from the complex

0 // Γ(M,S0)
h0
∗ // Γ(M,S1)

h1
∗ // Γ(M,S2)

h2
∗ // Γ(M,S3)

h3
∗ // · · · .

If we have a fine resolution forOM(E), we can determine its cohomology groupsHq(M,E) as de-
scribed above. Do we have a fine resolution forOM(E)? The answer is yes.

First we consider the caseE =
∧p T∗M. As mentioned above,A p,q(M) are fine. Furthermore the

so-called∂-Poincaré lemma[GH78, p.25] tells us that

0 // OM(
∧p T∗M) ι // A p,0(M) ∂ // A (M)p,1 ∂ // A p,2(M) ∂ // · · · (4.4)

is exact, where the mapι is the embedding ofOM(
∧p T∗M) in A p,0(M). We call (4.4) theDolbeault se-

quence. Thus we have a fine resolution forOM(
∧p T∗M) and the cohomology groupsHq(M,

∧p T∗M)
can be obtained from the complex

0 // Ap,0(M)
∂∗ // Ap,1(M)

∂∗ // Ap,2(M)
∂∗ // Ap,3(M)

∂∗ // · · · ,

where we writeAp,q(M) for Γ(M,A p,q(M)). This is theDolbeault theorem. Let

Zp,q(M) =
{

a ∈ Ap,q(M) | ∂a = 0
}

.

Then
Hq(M,

∧p T∗M) = Zp,q(M)/∂Ap,q−1(M).

The Dolbeault theorem shows also that

Hq(M,
∧p T∗M) � Hp,q(M).

We can do even more. LetE be a complex vector bundle onM. The following sequence is a fine
resolution [Hir78, p.119]

0 // OM(E ⊗
∧p T∗M) // A p,0(E) ∂ // A (E)p,1 ∂ // A p,2(E) ∂ // · · · , (4.5)

whereA p,q(E) denotes the sheaf of local sections of type (p, q) with coefficients inE. For complex
structure moduli ofM, the bundleE will be T M. We get from (4.5), applyingΓ(M, ·), the complex

0 // Ap,0(E)
∂∗ // Ap,1(E)

∂∗ // Ap,2(E)
∂∗ // Ap,3(E)

∂∗ // · · · ,

where we write as beforeAp,q(E) for Γ(M,A p,q(E)). Let as usual

Zp,q(E) =
{

a ∈ Ap,q(E) | ∂a = 0
}

.

We obtain the cohomology groups

Hq(M,E ⊗
∧p T∗M) = Zp,q(E)/∂Ap,q−1(E).

Settingp = 0, we finally get
Hq(M,E) = Z0,q(E)/∂A0,q−1(E).
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F-Theory

I am your father.
Darth Vader, Star Wars Episode V: The Empire Strikes Back

We want to do model building within the framework of F-theory[Vaf96]. In this chapter we review
the concepts of this particular theory and its orientifold limit. We also discuss the brane moduli of the
theory.

5.1 Basics of F-Theory

F-theory non-perturbatively describes consistent configurations of type IIB string theory with D7-branes.
To motivate F-theory, we first look at the SL(2,Z)-symmetry of massless bosonic fields of type IIB
string theory. In the NS-NS sector we have the metricgMN, theB2-field and the dilatonφ. The vacuum
expectation value of the dilaton serves as the string coupling constantgs when it is exponentiated. From
the R-R sector we have thep-form fieldsCp with p = 0, 2, 4. We focus on the fieldsφ andC0. We
combine the dilaton andC0 into a complex fieldτ

τ = C0 + ie−φ

which is called theaxiodilaton. The SL(2,Z)-symmetry is conjectured to be anexactsymmetry of the
type IIB string theory. LetT denote the matrix

(

1 1
0 1

)

∈ SL(2,Z)

which generates SL(2,Z) together with another matrixS
(

0 −1
1 0

)

.

The symmetry group acts as follows

τ→
aτ + b
cτ + d

, F3 − τH3→
F3 − τH3

cτ + d
with

(

a b
c d

)

∈ SL(2,Z),

whereF3 is the field strength ofC2 andH3 the field strength ofB2. The form fieldC4 does not transform
under the SL(2,Z)-symmetry. Let us compactify the nineth and the tenth dimension onP1 with the com-
plex coordinatez sinceP1 is the simplest compact complex manifold. If we assume that the D7-branes
fill the non-compact dimensions, it will be a point in the internal manifold. Letz0 be the coordinate of a
D7-brane. D7-branes are magnetically charged underC0. This means that

C0→ C0 + 1⇒ τ→ τ + 1 (5.1)
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if we go around a path encircling the D7-brane. Thus in the neighborhood of the D7-braneτ has the
form

τ(z) =
1

2πi
ln(z− z0). (5.2)

We have a highly non-perturbative situation: The string coupling is not constant, but it even has a
logarithmic singularity at the position of the D7-brane. The transformation (5.1) ofτ when we encircle
z0 is called amonodromy. The monodromy can be realized by an SL(2,Z) transformation if we act with
T on τ. The SL(2,Z)-symmetry contains also the strong-weak duality since thegeneratorS transforms
τ as follows

τ→ −
1
τ
.

A general SL(2,Z) element transforms a D7-brane, which has the charge (0, 1), into a 7-brane with a
general charge (p, q) with p, q ∈ Z. The (p, q)-branes are perturbative D-branes on which (p, q)-strings1

can end [Vaf96, p.4].

As we can see from (5.2), at the position of the 7-branes the field τ shows singular behaviour. Since
SL(2,Z) is the symmetry group of a torus, we interpret the complex field τ as the complex structure
modulus of a torus [Vaf96] which means that we have a different torus on every point of the internal
manifold. Degenerate tori, i.e. singular fibers, signal thepresence of 7-branes. This brings us to the
concept of elliptic fibration which will be discussed in detail in the next section. F-theory can be seen
as a twelve-dimensional theory which, compactified on an elliptically fibered Calabi-Yaun-folds for
n = 1, 2, 3, and 4, consistently and non-perturbatively describes the type IIB theory with 7-branes. The
additional two dimensions correspond to the torus on each point of the internal manifold. The elliptic
fibration is a beautiful way to geometrize the SL(2,Z)-symmetry and 7-brane configurations.

5.2 Elliptic Fibration

To work with F-theory, it is crucial to understand a special fibration structure, the elliptic fibration. LetM
be a compact complex manifold of complex dimensionm. This manifold will serve as the base manifold
of the fibration. In most cases we will havem= 3 to obtain a Calabi-Yau 4-fold.

5.2.1 Fibration

First, we abstractly define theelliptic fibration . Let πE : E // M be a holomorphic fibration onM
with an elliptic curve, i.e.T2, as its fiber. This means

T2 // E

πE

��

M

and Figure 5.1 illustrates this.

An elliptic fibration has a section2 σ
E

πE

��

M

σ

]]

1See [Pol98,§ 13.6 and§ 14.1] for a treatment of (p,q)-strings.
2Note that a fibration with complex curve of genus one as its fiber does nothave to have a section. See [DOPW99,§ 2.1]

or [Sha96, p.206].
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M

T2

T2

Figure 5.1: At every point of the base manifoldM we have a torusT2 as the fiber. The tori
will be different from point to point and there will be even degenerate tori.

with πE ◦ σ = id. We naturally identifyM with its image underσ, i.e. the subvarietyσ(M) of E. From
now on we writeM instead ofσ(M).

To analyze the elliptic fibration, the above form is nearly useless. Thus we should try to find a more
explicit form of it. This is called theWeierstraß form of E which we denote byWE. We follow [Kas77].
See for example also [FMW97,§ 2.2] or [DHOR04,§ 2]. Consider aP2-bundleP overM

P
2 // P

(

OM ⊕ L2 ⊕ L3
)

= P

πP

��

M

,

where we writeOM for the trivial line bundle andL is a line bundle overM. HereP(·) means the projec-
tivization overC∗ of the argument.

Let furthermoreOP(n) denote then-th power of the inverse of the tautological bundle3 OP(1) overP.
Then

OP(n) ⊗ π∗PLm

is a line bundle over P for anyn,m ∈ Z. Note that sections ofOP(n) ⊗ π∗PLm can be viewed as polyno-
mials of homogeneous degreen in P with coefficients inLm.

We can now describe the Weierstraß form of the fibration. It consists of

1. a line bundleL overM,

2. two sectionsf ∈ Γ
(

M, L6
)

andg ∈ Γ
(

M, L6
)

,

whereΓ (M, Ln) denotes the set of global sections fromM to Ln.

3SinceP is the projectivization of the three plane bundleOM ⊕ L2 ⊕ L3, the “god-given” tautological bundle is defined
analogously toPn.
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There are three canonical sections,

x ∈ Γ
(

P,OP(1)⊗ π∗PL2
)

,

y ∈ Γ
(

P,OP(1)⊗ π∗PL3
)

,

z ∈ Γ (P,OP(1)) .

These sections restricted to the fiberπ−1
P (m) � P2 for m ∈ M correspond to the normal three homoge-

neous coordinates ofP2.

The elliptic fibration can be now described as the zero locus of a unique sectionµ

µ ∈ Γ
(

P,OP(3)⊗ π∗PL6
)

,

i.e. as a divisor inP. The sectionµ has the form

µ = y2z− x3 − π∗P( f )xz2 − π∗P(g)z3.

We can write down thediscriminant of WE

∆ = 4 f 3 + 27g2 ∈ Γ
(

M, L12
)

whose zero locus gives the location, where the fibration becomes singular, i.e. the position of the 7-
branes. Since∆ only depends onf andg, the brane positions, i.e. the brane moduli, depend only onf
andg. In explicit examplesf andg will be polynomials and therefore also the sectionµ which we call
the Weierstraß polynomial. This means that polynomial deformations of the Weierstraßpolynomial
correspond to the brane moduli.

5.2.2 P1,2,3-Fibration

TheP1,2,3-bundle description, i.e. the weighted projective space with weights (1, 2, 3) as fiber, is equiv-
alent to theP2-bundle description [MV96, p.12]. For toric geometry construction of elliptic Calabi-Yau
n-folds theP1,2,3-bundleP is better suited thanP2-bundle. We consider the bundle

P1,2,3 // P

πP

��

M

with three sections

x ∈ Γ
(

P,OP(2)⊗ π∗PL2
)

,

y ∈ Γ
(

P,OP(3)⊗ π∗PL3
)

,

z ∈ Γ (P,OP(1)) .

The sectionµ whose zero locus describes the elliptic fibration has the form

µ = y2 − x3 − π∗P( f )xz3 − π∗P(g)z6,

where f andg are sections inL4 andL6, respectively. The discriminant has the same form as in the
P

2-bundle case.
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5.2.3 Elliptically Fibered Calabi-Yau

If we want to obtain an elliptic Calabi-YauE, we have to choose the line bundle for the sectionsf andg
appropriately. The line bundleL−1 is the normal bundle ofM in E [Asp96, p.80], i.e.,

L−1 = NEM.

It is now easy to construct anelliptically fibered Calabi-Yau. We apply the second adjunction formula
to obtain

KM = (KE ⊗ [M])|M

from which we get the first Chern class

c1(KM) = c1(KE) + c1([M]) = −c1(L)⇒ c1(M) = c1(L) (5.3)

since we wantE to be Calabi-Yau. Thus we obtainL = KM−1. If we choose the line bundleL to be the
anti-canonical bundle ofM, we get an elliptically fibered Calabi-Yau manifold.

5.2.4 Elliptic Calabi-Yau Fourfolds in Toric Geometry

For application in the F-theory we need an elliptically fibered Calabi-Yau fourfold. For this construction
we follow [KLRY98]. As we have seen, we need a threefold and aP1,2,3-bundle over it.

First, we look at how fibration is realized in toric geometry.Consider therefore (V) of the form
(

V1 Ṽ
0 V2

)

(5.4)

whose toric variety we callX. Let furtherX1 andX2 denote the toric varieties constructed fromV1 and
V2 separately. We obtain a fibration of the form

X2 // X

��

X1

from (5.4), whereX1 is the base andX2 is the fiber. The components ofṼ determines the fibration struc-
ture. ForṼ = 0 we get a direct product. We have already looked at two examples of this kind,P1 × P1

andFn. If we look at the (V | Q) matrices (3.1) and (3.4), we immediately see such a structure.

Since we want to useP1,2,3-fiber, (V2) will be of the form





















1 0
0 1
−2 −3





















. (5.5)

The charge vector for (V2) is




















2
3
1





















which scales the homogeneous coordinates appropriately. If (V1) is the matrix of vertices for toric Fano
threefolds, one can easily givẽV suited for our purpose in terms of (V1) and (V2) [KLRY98, Sect. 5].
Note that toric Fano threefolds are completely classified upto isomorphism and there are 18 of them
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[Oda85, p.90]. Let us denote them byFn with n = 1, . . . , 18. Now we determinẽV such that the Calabi-
Yau hypersurface in the toric variety constructed from the polyhedron whose vertices are the rows of (V)
is elliptically fibered. Letvi j with j = 1, . . . , 5 denote thej-th component of thei-th row of (V1). Note
that we already have fixed these components forj = 1, 2, 3 by choosing the base to be one of theFn. We
set

vi4 = −2(vi1 + vi2 + vi3 − 1)

vi5 = −3(vi1 + vi2 + vi3 − 1). (5.6)

The resulting Calabi-Yau hypersurface constructed as outlined in§ 3.2.2 will be elliptically fibered.

5.2.5 Gauge Enhancements and Singularities

In F-theory, we can read off the gauge symmetry enhancements due to 7-branes from the different types
of singularities of the elliptic fiber. As it is well known, coincident branes give rise to enhanced gauge
symmetries. Colliding singular fibers corresponds to coincident 7-branes and thus one expects enhanced
gauge symmetries. For the elliptic K3 Kodaira has given a complete classification of the singular fibers
[Kod63, Thm. 6.2] or [MV96,§ 3.1]. These singularities are of typeADE: for example anAn singularity
gives the correspondingAn Lie algebra as the gauge enhancement and analogously other gauge groups
corresponding to the Lie algebrasDn,E6,E7, andE8. For higher-dimensional compactifications no such
classification exists. However, there are efforts to determine the gauge enhancements directly from the
polyhedron of Calabi-Yau hypersurfaces in toric varieties[CPR97, PS97, CF98].

5.2.6 Elliptic K3

We will now go through every detail of the most simple, yet non-trivial example of elliptic Calabi-Yau,
namely elliptic K3. Since the K3 is a Calabi-Yau 2-fold, the base is complex one-dimensional, i.e.P1.
Using (5.4), (5.5) and (5.6), we construct the matrix (V) of the suitableP1,2,3-bundle overP1 and choose
a set of charge vectors (Q)

(

V1 Ṽ
0 V2

)

=











































1 0 0
−1 −4 −6
0 1 0
0 0 1
0 −2 −3











































=











































v1
v2
v3
v4
v5











































→











































w1

w2

x
y

z











































and (Q) =











































1 0
1 0
4 2
6 3
0 1











































,

where we have assigned the coordinates (w1, w2, x, y, z) to the vectors. The vertices of the reflexive
polyhedron∆∗ are as follows































1 0 0
−1 −4 −6
0 1 0
0 0 1































.

All integral points of∆∗ are given in (A.10). We now construct the fanΣ(∆∗). For this purpose we have
to choose a triangulation becausev5 lies on a face of∆∗. However, as Figure 5.2 shows, there is one
unique triangulation. Note that the origin being an interior point is not used for the triangulation. Table
5.1 shows all six three-dimensional cones ofΣ(∆∗). All the faces of those three-dimensional cones are
also contained inΣ(∆∗). The exceptional set is as follows

Z(Σ(∆∗)) = {w1 = w2 = 0} ∪ {x = y = z= 0} .

We construct the toric varietyXΣ(∆∗) from Σ(∆∗) as outlined in§ 3.1.2. It is clear thatXΣ(∆∗) contains
singularities since there are integral points of the polyhedron not taken into account. One can also check
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b

b

b

b

b

v1

v2

v3

v4

v5

Figure 5.2: Triangulation of∆∗ of K3. The vectorsv1, v2, v3, andv4 form a tetrahedron with
v1 at the top. The vectorv5 lies on the line betweenv1 andv2.

(v1, v3, v5) (v2, v3, v5)
(v1, v3, v4) (v2, v4, v5)
(v1, v4, v5) (v2, v3, v4)

Table 5.1: Three-dimensional cones ofΣ(∆∗) of K3

this directly by calculating the determinant of the generators of the three-dimensional cones.

To obtain the polynomial defining the Calabi-Yau hypersurface, we need the dual reflexive polyhe-
dron∆. The vertices of∆ are given by































11 −1 −1
−1 2 −1
−1 −1 −1
−1 −1 1































.

Although the calculation of the dual polyhedron and its integral points can be done by hand in a fi-
nite amount of time, even for higher-dimensional polyhedrons, we use the computer programPALP of
M. Kreuzer and H. Skarke [KS04]. There are 39 integral pointsof ∆ including the vertices. These points
are listed in (A.11). All possible monomials are listed in Table 5.2. Thus the polynomial defining the
Calabi-Yau hypersurface is

p = A1y
2 + A2x3 +

















4
∑

i=0

ciw
i
1w

4−i
2

















x2z2 +

















8
∑

i=0

diw
i
1w

8−i
2

















xz4 +

















6
∑

i=0

eiw
i
1w

6−i
2

















yz3

+

















2
∑

i=0

fiw
i
1w

2−i
2

















xyz+

















12
∑

i=0

giw
i
1w

12−i
2

















z6

≡ A1y
2 + A2x3 + A3x2z2 + A4xz4 + A5yz

3 + A6xyz+ A7z6,

where
Ai = Ai(w1, w2) for i ≥ 3.

Compfeting the square fory and then the cube forx, we get

p = A1(y + B1)
2 + A2

(

x+
1
3

B2z
2
)3

+ A2

(

B3 − B2
2

)

(

x+
1
3

B2z
2
)

z4

+

(

−
A2

27
B3

2 +
A2

3
B2(B3 − B2) + B4

)

z6

≡ A1y
′2 + A2x′3 − f (w1, w2)x′z4 − g(w1, w2)z6,
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w0
1w

8
2xz4 w0

1w
12
2 z6 w0

1w
6
2yz

3 w0
1w

4
2x2z2 w0

1w
2
2xyz

...
...

...
...

...

w8
1w

0
2xz4 w12

1 w
0
2z6 w6

1w
0
2yz

3 w4
1w

0
2x2z2 w2

1w
0
2xyz

x3 y2

Table 5.2: Possible monomials for elliptic K3

where

B1 =
1

2A1

(

A5z3 + A6xz
)

, B2 =
1
A2

(

A3 −
1

4A1
A2

6

)

,

B3 =
1
A2

(

A4 −
1

2A1
A5A6

)

, B4 = A7 −
1

4A1
A2

5

and

x′ = x+
1
3

B2z
2 , y′ = y + B1.

Rescalingy′ andx′ and writingy andx respectively, we finally get the Weierstraß polynomial

p = y2 − x3 − f (w1, w2)xz4 − g(w1, w2)z6,

where f (w1, w2) andg(w1, w2) are homogeneous polynomials of degree 8 and 12. This nicelyfits the
general discussion of the elliptic fibration. The canonicalbundle ofP1 is OP1(−2), thusL = OP1(2).
Since the polynomialf andg are of degree 8 and 12 respectively, we have

f ∈ Γ
(

P
1,OP1(8)

)

= Γ
(

P
1, L4

)

and g ∈ Γ
(

P
1,OP1(12)

)

= Γ
(

P
1, L6

)

.

This is exactly the compactification described in [Vaf96]. The discriminant∆ = 4 f 3+27g2 ∈ Γ
(

P
1,OP1(24)

)

is a polynomial of degree 24. This means that we have 24 7-branes.

5.3 The Orientifold Limit

We have seen that the F-theory describes a consistent 7-brane configuration of type IIB string theory. In
this section we describe how one can obtain the type IIB orientifold compactification from the F-theory.
We only consider aZ2-orientifold.

We start with an elliptic Calabi-Yau 4-foldZ. Let M be the base manifold andf ∈ Γ
(

M, L4
)

and

g ∈ Γ
(

M, L6
)

the sections. We now describe the so-calledweak coupling limit [Sen97, Sen98]. We
rewrite

f = −3h2 +Cη,

g = −2h3 +Chη +C2χ,

whereC is a constant and

h ∈ Γ
(

M, L2
)

, η ∈ Γ
(

M, L4
)

and χ ∈ Γ
(

M, L6
)

.

Thus
∆ = C2

[

η2
(

4Cη − 9h2
)

+ 54h
(

Cη − 2h2
)

χ + 27C2χ2
]

.
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We now take the limit

C→ 0

⇒ ∆ ≈ C2
(

−9h2
) (

η2 + 12hχ
)

.

One can show that in this limit the string coupling constant is small in most of the base manifoldM
except, where|h| ∼ |C|1/2, thus justifying the name. The zeroes of∆ are at

h2 = 0 and η2 + 12hχ = 0.

By computing the monodromy around zeroes ofη2+12hχ, we see that these zeroes represent D7-branes.
Sen also calculates the monodromy aroundh2 = 0 and shows the zero locus ofh corresponds to orien-
tifold 7-planes. In his calculation Sen shows that the orientifold 7-planes are formed by two 7-branes in
the weak coupling limit. In other words, the orientifold 7-planes split into two 7-branes if we go away
from the weak coupling limit.

We can give the original Calabi-Yau threefold which would give the above orientifold. Let (u, ξ)
denote the coordinate ofL, whereu denotes the coordinates ofM. Let X denote the submanifold in the
total space of the bundleL defined by the equation

ξ2 = h.

This manifold has aZ2-isometry since
σ : ξ � // −ξ

does not changeX. Let D denote the zero locus ofh ∈ Γ
(

M, L2
)

. The fixed point set ofσ is preciselyD
which corresponds to the orientifold 7-planes. ThusX is the double cover ofM branched overD.

From type IIB string theory point of view,X should be a Calabi-Yau manifold. Let us find out when
this is the case. For a general double coverX of M branched over a zero locusD defined by a section of
a line bundleL2 we have the formula [GH88, Prop. 2]

KX = π∗(KM ⊗ L),

whereπ is the projection map fromX to M. If we demand thatX is Calabi-Yau, we obtain

c1(KM) = −c1(L)⇒ c1(M) = c1(L)

which coincides with (5.3). Thus ifZ is Calabi-Yau, thenX is Calabi-Yau, too.

5.4 The Brane Moduli

The stabilization of 7-branes is a very important topic for semirealistic models. We have seen in§ 5.1
that the brane moduli are encoded in the coefficients of the Weierstraß polynomial, i.e. the brane moduli
correspond to polynomial deformations of the Calabi-Yau hypersurface. In this section we show the con-
nection between the polynomial deformations and the complex structure deformations of the Calabi-Yau
fourfolds using the techniques described in§ 4.2 and the Kodaira-Spencer theory of complex structure
deformations [KS58a, KS58b] or [Kod86]. This was done for hypersurfaces inPn in [KS58b].

The infinitesimal deformation of the complex structure of a general complex manifold is described by
the sheaf cohomology groupH1(M,T M). In general, there areobstructions such that not all elements
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of H1(M,T M) can be used to deform the complex structure. However, for Calabi-Yau manifolds the
Bogomolov-Tian-Todorov theorem[Tia86] guarantees that every element ofH1(T,T M) corresponds
to a deformation.

Calabi-Yaun-folds have a holomorphic volume formΩ which can be used to define an isomorphism
[Huy04, p.261] or [Joy00, p.142]

η :
∧p T M � //

∧n−p T∗M .

We have the fine resolution (4.5) for the sheafOM(T M ⊗
∧p T∗M)

0 // OM(T M ⊗
∧p T∗M) // A p,0(T M) ∂ // A p,1(T M) ∂ // A p,2(T M) ∂ // · · · .

With the isomorphismη we can replaceT M in the resolution

0 // OM(
∧n−1 T∗M ⊗

∧p T∗M) // A p,0(
∧n−1 T∗M)

∂

ttiiiiiiiiiiiiiiii

A p,1(
∧n−1 T∗M) ∂ // A p,2(

∧n−1 T∗M) ∂ // · · · .

Settingp = 0, we get

0 // OM(
∧n−1 T∗M) // A n−1,0(M) ∂ // A n−1,1(M) ∂ // A n−1,2(M) ∂ // · · · (5.7)

sinceA 0,q(
∧p T∗M) = A p,q(M). The sequence (5.7) is just the Dolbeault sequence. Thus weget

Hm(M,T M) � Hn−1,m(M). (5.8)

The complex structure moduli of Calabi-Yau n-folds are described by the Dolbeault cohomology group
Hn−1,1(M).

Let X denote the ambient toric Fano variety of complex dimension 5constructed fromΣ(∆∗) andZ
the Calabi-Yau hypersurface inX. Following Kodaira and Spencer [KS58a, (12.14)], we have a short
exact sequence

0 // OZ(TZ) ι // OZ(TX|Z) π // OZ([Z]|Z) // 0 .

Note that we obtain this sequence applyingOZ(·) to the normal bundle sequence (2.2). As usual, we
obtain a long exact sequence of cohomology groups from a short exact sequence

0 // H0(Z,TZ)
ι∗ // H0(Z,TX|Z)

π∗ // H0(Z, [Z]|Z)
δ0

ssggggggggggggggggggggggg

H1(Z,TZ)
ι∗

// H1(Z,TX|Z)
π∗

// H1(Z, [Z]|Z) // · · · .

Unfortunately, the connecting homomorphismδ0 is in general not surjective. As we will see, this means
that there are complex structure moduli which do not stem from the polynomial deformations.

The aim from now on is to determineH0(Z,TZ),H0(Z,TX|Z), andH0(Z, [Z]|Z) to see why polyno-
mial deformations have something to do with complex structure moduli.
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First we turn toH0(Z,TZ). We have already shown in (5.8) thatH0(Z,TZ) � H3,0(Z), i.e. H0(Z,TZ) = 0
sinceH3,0(Z) = 0 for Calabi-Yau fourfolds.

Using the first vertical exact sequence of [KS58a, (12.18)]

0 // H0(X,TX) // H0(Z,TX|Z) // 0 ,

we getH0(X,TX) � H0(Z,TX|Z).

Now we try to understandH0(Z, [Z]|Z). There is an isomorphism [Cox93, Prop. 1.1])

H0(X, [Z]) �















∑

m∈∆∩M















am

∏

i

z〈m,vi〉+1
i





























,

between global holomorphic sections of the line bundle [Z] and the polynomials built from the mono-
mials

∏

i z〈m,vi 〉+1
i . The second vertical exact sequence of [KS58a, (12.17)] hasthe form

0 // H0(X,OX) // H0(X, [Z]) // H0(Z, [Z]|Z)

sshhhhhhhhhhhhhhhhhhhhh

H1(X,OX) // H1(X, [Z]) // H1(Z, [Z]|Z) // · · · ,

(5.9)

whereOX denotes the structure sheaf ofX. As it is shown in [Cox93, Prop. 1.2.(i)],

H0(X,OX) � C. (5.10)

Using [Oda85, Cor. 2.8]
Hq(X,OX) = 0 ∀q > 0,

we obtain
H1(X,OX) = 0. (5.11)

Plugging (5.10) and (5.11) into (5.9) gives us following short exact sequence

0 // C // H0(X, [Z]) // H0(Z, [Z]|Z) // 0.

Thus we have
H0(Z, [Z]|Z) = H0(X, [Z])/C,

where we will momentarily explain the modding out byC intuitively.

We put everything together and obtain the exact sequence

0 // H0(X,TX)
π∗ // H0(X, [Z])/C δ0

// H1(Z,TZ). (5.12)

Now we see why polynomial deformations correspond to at least a subset of the complex structure mod-
uli. Because the sequence is exact the mapπ∗ is injective, we can modH0(X,TX) out of H0(X, [Z])/C.
If additionally the mapδ0 was surjective,H1(Z,TZ) would have been isomorphic to the quotient of
H0(X, [Z])/C by H0(X,TX). However, since it is not surjective, in general the quotient of the two coho-
mology groups only forms a part of the complex structure moduli. In contrast to the toric construction,
for the ambient spacePn with n ≥ 3 and the degree of the polynomial bigger than 3, all complex structure
moduli come from the polynomial deformations [KS58b, Thm. 14.2].
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The appearance of the three cohomology groups can be understood intuitively. If we want to count
the number of possible polynomial deformations, we do the following: we first count the number of
monomials. This number corresponds to dimH0(X, [Z]). Since the zero locus, i.e. the hypersurface,
does not change if the polynomial is multiplied by a global factor, we subtract 1. This is the intuitive
reason why we mod outC from H0(X, [Z]). Then we subtract the number of coordinate transformations
which leaves the hypersurface invariant, i.e. the number ofinfinitesimal automorphisms which is the Lie
algebra of the automorphism group Aut(X) of the ambient spaceX. SinceH0(X,TX) � Lie(Aut(X))
[Oda85, p.135], we also see this in the final exact sequence (5.12). Thus we obtain the exact sequence

0 // Lie(Aut(X)) //
{

∑

m∈∆∩M am
∏

i z〈m,vi〉+1
i

}/

C // H3,1(Z).

This exact sequence and the formula for the Hodge number (3.10)

hn−1,1(Z) = l(∆) − 1− n−
∑

codimΘ=1

l∗(Θ) +
∑

codimΘ=2

l∗(Θ) · l∗(Θ∗)

give the number of the complex structure moduli which do not stem from the polynomial deformations.
The dimension of Lie(Aut(X)) is [CK99, Prop. 3.6.2]

dim(Lie(Aut(X))) = n+
∑

codimΘ=1

l∗(Θ).

The number of possible monomials is obviously equal tol(∆). Thus the number of the moduli which do
not correspond to the polynomial deformations is

∑

codimΘ=2

l∗(Θ) · l∗(Θ∗).

The−1 in the formula for the Hodge number again corresponds to themodding out ofC.

Since we now know that brane moduli form a part of the complex structure moduli of the fourfold,
we “just” have to stabilize two kinds of moduli: the complex structure moduli and the Kähler moduli.
This is a big advantage over type IIB model building. There, the brane moduli constitute an additional
class of moduli. In the F-theory, if we are able to fix the complex structure moduli, the brane moduli are
fixed automatically.

5.5 Gukov-Vafa-Witten Superpotential

As we have shown in the previous section, we have to stabilizethe complex structure moduli of the
fourfolds used to compactify the F-theory in order to stabilize the brane moduli. There is a perturbative
superpotential calledGukov-Vafa-Witten superpotential [GVW00]. It involves a 4-form fluxG and
has following form for the fourfoldZ

W =
1
2π

∫

Z
Ω ∧G,

whereΩ is the holomorphic 4-form ofZ. It can be shown thatG is a (2, 2)-form [GVW00,§ 2.4]. Thus
after we have chosen a fluxG ∈ H4(Z,Z), the complex structure, represented by the holomorphic 4-form
Ω, is adjusted such thatG is of degree (2, 2) with respect to the adjustedΩ. We see that the Gukov-Vafa-
Witten superpotential generically fixes the complex structure ofZ, thereby stabilizing also the 7-brane
moduli.
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Heterotic Orbifolds

[. . . ] I was initiated into the mysteries of distributions
by being told by a graduate student that physicists had used them,

but understood nothing important about them.
Only an innovative and brilliant mathematician

like the idolized Laurent Schwartz could make sense of the physicists’ nonsense.
Karen Uhlenbeck, [A+94]

There is one very popular way of building models which uses the heterotic toroidal orbifolds. The aim
of this chapter is to provide toric geometry techniques to study such models, namely the resolution of
non-compact Calabi-Yau orbifolds. Other references treating orbifolds in toric geometry context are
[MOP87, Asp94, LRSS06]. Additionally, we give one proposalhow a sensible intersection theory for
non-compact manifolds can be defined.

6.1 Why Toric Geometry and Resolutions?

Heterotic orbifold models are very attractive since almosteverything is calculable, e.g. the full spectrum
and various couplings, because heterotic string theory on orbifolds corresponds to a sum of free con-
formal field theory. Additionally, using orbifolds likeC3/Z6−II , it is possible to build models close to
the minimal supersymmetric standard model [BHLR05, FNVW04, KRZ05, L+07]. However, it is often
the case that these models are not stable due to the FI-terms [DSW87, DIS87] and it is believed that
the theory is driven to a point in the field space, where the compactification is smooth and one has a
non-abelian gauge background.

The best way to study these models would be to directly blow upthe compact toroidal orbifolds, but
an explicit blowup is not yet known. Therefore we look at local models of these orbifolds which means
that we only look at one patch containing one fixed point. These local models are described byC3/Zn,
which are non-compact Calabi-Yau orbifolds.

The resolution of an orbifold is a continuous process and as such it cannot alter topological proper-
ties of the theory, e.g. the chiral spectrum. Additionally,in the large volume limit, i.e. when the sizes
of the exceptional cycles are large, all the higher excitations can be neglected. This means that we can
approximate the theory by the super Yang-Mills theory coupled to supergravity. In [GNTW07] it was
shown by using this approximation on explicitly constructed blowups ofCn/Zn with U(1) gauge back-
ground that their chiral spectra could be recovered. Since the blowup was explicit, including the metric,
it was possible to calculate all the necessary numbers, likethe integrals over various Chern classes of
the tangent bundle. However, for more complicated orbifolds an explicit blowup is not yet known.
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Using toric geometry techniques, one can still extract enough information to obtain the chiral spectra
of heterotic models on the resolution. To obtain the spectrawe need intersection numbers of divisors,
also those of non-compact divisors. In this chapter we focuson toric geometry techniques, i.e. how to
construct the orbifolds, how to resolve them, and how one cancompute the intersection numbers. In
addition, we propose that intersections of divisors in non-compact toric varieties can be defined.

6.2 Toric Geometry Description of Orbifolds

We first want to describe how one can obtain the fan for non-compact Calabi-Yau orbifolds of type1

C
3/Zn.

The fan ofC3/Zn has one three-dimensional cone which is spanned by three vectors and all of its
faces. If we would naively apply the construction outlined in § 3.1.2, we would obtainC3 because there
are no charges and the exceptional set is empty. If no chargesare present, we determineG = N/N′,
whereN′ = Zv1 + Zv2 + Zv3. SinceN′ is a sublattice ofN, G will be a finite discrete group. The toric
variety is constructed as

C
3/G. (6.1)

We now want to determine the vectors. Let the generatorθ of Zn act on the coordinates ofC3 according
to

θ(z1, z2, z3) = (εz1, ε
n1z2, ε

n2z3),

whereε = e2πi/n. Due toN = 1 supersymmetry in four dimensionsn1 andn2 have to satisfy

1+ n1 + n2 ≡ 0 mod n.

We characterize this action by a vector of the form

1
n

(1, n1, n2).

Without loss of generality, we have set the first component ofthis vector to 1/n. If none of the com-
ponents was 1/n, we would not have the fullZn-action. Assume for example the following vector for
C

3/Z4
1
4

(2, 2, 4).

Obviously, we would obtain only aZ2-action from this vector. To determine thevi, we solve the equa-
tions

(

e2πi/n
)v1i

(

e2πin1/n
)v2i

(

e2πin2/n
)v3i
= 1 for i = 1, 2, 3 (6.2)

⇒ v1i + n1v2i + n2v3i ≡ 0 mod n for i = 1, 2, 3. (6.3)

In addition to these equations, we demand that

|det(v1, v2, v3)| = n.

Note that one solution to (6.3) is easily obtained, namely

vi3 = 1 for i = 1, 2, 3

1Orbifolds of typeC2/Zn are treated exactly like the three-dimensional examples without the third coordinate.
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since 1+ n1 + n2 ≡ 0 mod n. The three vectorsvi determined this way describes the orbifoldC3/Zn.
See§ A.1 for details why this is the case, e.g. how (6.1) and (6.2) come about.

Now we look at some examples. First, we look at two-dimensional examples. Consider the orbifold
C

2/Zn. We have the followingθ-action
1
n

(1,−1).

We have to find one solution to
v11− v21 ≡ 0 mod n

which is linearly independent tov11 = v21 = 1. We choosev12 = 0 andv22 = n. The determinant
condition is obviously satisfied. Thus the matrix (V)

(

1 0
1 n

)

describes the orbifoldC2/Zn.

As another example we consider the orbifoldC3/Z4. The orbifold action is as follows

1
4

(1, 1, 2).

We have to solve the equation
v1i + v2i + 2v3i ≡ 0 mod 4.

We obtain the matrix (V)




















2 0 1
0 2 1
−1 1 1





















.

The orbifold actions and the corresponding matrices (V) for C2/Z3,C3/Z4,C3/Z2×Z2, C3/Z6−I , and
C

3/Z6−II are given in§ A.5.

6.3 Resolution of Orbifolds

We want to resolve the orbifolds preserving the Calabi-Yau property. As described in§ 3.2.2, this is
called crepant resolution. It is quite easy to resolve a singular toric variety as already described in
§ 3.1.3. If the resolution should be crepant, we only take the integral vectors inside the fan satisfying the
Calabi-Yau condition, i.e. vectors lying on the same hyperplane as the original vectors.

We first fix the conventions. We denote a general divisor, i.e.compact or non-compact, byDi. To
each vectorvi of the fan describing the orbifold we assign the coordinatezi and denote the corresponding
non-compact2 divisor by D̃i . We writew j for the additional vectors in the resolved orbifold andx j for
the corresponding coordinate. The exceptional divisors are denoted byE j . For convenience we write for

2In § A.6 it is explained why these divisors are all non-compact.
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Figure 6.1: Fans of Res(C2/Z2) andC2/Z2

the extended (V | Q) matrix




























































z1 D̃1 v11 · · · v1k q11 · · · q1ℓ
...

...
...

. . .
...

...
. . .

...

zn D̃n vn1 · · · vnk qn1 · · · qnℓ

x1 E1 w11 · · · w1k qn+1,1 · · · qn+1,ℓ
...

...
...

. . .
...

...
. . .

...

xm Em wm1 · · · wmk qn+m,1 · · · qn+m,ℓ





























































,

where we haven vectors in the orbifold andmadditional vectors in the resolved orbifold.

Let us look at a simple two-dimensional example, namelyC2/Z2. Figure 6.1(b) shows the fan of
this orbifold. The determinant of the matrix formed byv1 andv2 is 2. Thus we have a singular toric
variety which isC2/Z2. We have to subdivide the cone spanned byv1 andv2 by adding integral vectors
inside the cone such that the new vectors satisfy the Calabi-Yau condition and that each cone after the
subdivision is spanned by vectors which constitute aZ-basis ofZ2. We add the generatorw1 = (1, 1)
which is the only additional integral vector satisfying both requirements. Obviously this vector satisfies
the Calabi-Yau condition, i.e.w1 lies on the same hyperplane, which is in this case just a line,asv1 and
v2. Now the subdivided fan has two two-dimensional cones and yields a smooth toric variety which is
the resolvedC2/Z2 since{v1, w1} and{v2, w1} both formZ-basis ofZ2. The (V | Q) matrix is





















z1 D̃1 1 0 1
z2 D̃2 1 2 1
x1 E1 1 1 −2





















.

The resolution is

C
3 − {z1 = z2 = 0}

(C∗)
, where (z1, z2, x1) ∼

(

λz1, λz2, λ
−2x1

)

.

Figure 6.1(a) shows the fan of Res(C2/Z2).

In general the (V | Q) matrix of resolutions of orbifoldsCn/Zn is














































z1 D̃1 1 · · · 0 1 1
...

...
...

. . .
...

...
...

zn−1 D̃n−1 0 · · · 1 1 1
zn D̃n −1 · · · −1 1 1
x1 E1 0 · · · 0 1 −n















































=















































z1 D̃1 1 1
...

... 1n−1
... 1

zn−1 D̃n−1 1 1
zn D̃n −1 · · · −1 1 1
x1 E1 0 · · · 0 1 −n















































, (6.4)

where1n−1 denotes the (n− 1)× (n− 1) identity matrix. The fanΣ consists of all cones of the form

Cone(w1, vi1, . . . , vin−1) ∀ik , iℓ for k , ℓ. (6.5)
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Figure 6.2: The four different resolutions ofC3/Z2 × Z2 and the fan ofC3/Z2 × Z2
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Figure 6.3: The five different resolutions ofC3/Z6−II and the fan ofC3/Z6−II

and all faces thereof. TheC∗-action can be readily read off

(z1, . . . zn, x1) ∼ (λz1, . . . , λzn, λ
−nx1). (6.6)

The exceptional set is as follows
Z(Σ) = {z1 = · · · = zn = 0} . (6.7)

As a three-dimensional example, we consider the orbifoldC3/Z2 × Z2. The (V | Q) matrix is given
in (A.13). Since all vectors lie on a hyperplane, we can draw the fan projected to two dimensions which
contains the same information as the three-dimensional diagram. To specify a fan with these additional
vectors, we have to choose cones as mentioned in§ 3.1.1. This choice of cones we also call triangulation
because in the projected diagram of the fan this looks as if wewould triangulate a surface bounded by
the original vectors. The only difference between two different resolutions is the exceptional set since
the exceptional set encodes information about the cones in the fan. Furthermore, we writẽDi andE j

instead ofvi andw j since we have the correspondence between the vectors and thedivisors. Figure 6.2
shows the triangulated fans of different resolutions ofC3/Z2 × Z2. Note that we obtain for example the
triangulation 6.2(a) from 6.2(b), 6.2(c), and 6.2(d) through a flop and vice versa.

Similarly, figure 6.3 shows the five different resolutions ofC3/Z6−II of which the (V | Q) matrix is
given in (A.14).
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6.4 Intersection Numbers of the Divisors

For model building in heterotic orbifolds we have to specifythe gauge background to reduce the gauge
group SO(32). There is the standard embedding, where we use the curvature form of the Calabi-Yau
manifold as the field strength of the gauge background, thus we get SU(n)-background for Calabi-Yau
n-folds. The field strength of the gauge background should satisfy the Hermitian Yang-Mills equations,
which is equivalent to Calabi-Yau condition in the case of the standard embedding. Another simple
embedding is the U(1) gauge background, i.e. line bundles. In [GNTW07] an explicit U(1) gauge back-
ground satisfying the Hermitian Yang-Mills equations was constructed. Since divisors correspond to
line bundles, we can use divisors as building blocks of the U(1) gauge background and use the intersec-
tion numbers to calculate integrals over the field strength.We now briefly describe why the intersection
numbers of divisors, even numbers involving only non-compact divisors, are needed to compute the
chiral spectra on the blowups.

Let nowX be one of the non-compact resolved Calabi-Yau orbifolds. Let us assume we have calcu-
lated all intersection numbers of divisors̃Di andE j . The U(1) gauge background can be realized as a
line bundle onX. Writing Di ≡ c1([Di ]), the field strength of the background can be expanded in terms
of Ei with i = 1, . . . ,m using the linear equivalences3. We embed the U(1)-background into the SO(32)
gauge group as follows

FV

2π
=

m
∑

i=1

Ei















∑

I

Vi,I HI















,

whereVi are vectors with 16 components and theHI are a basis of the Cartan subalgebra ofso(32). As
a gauge background the field strengthFV has to give integer numbers when integrated over compact
cycles which is the quantization condition. This restrictsthe possible values of theVi. If super Yang-
Mills theories are coupled to supergravity, we have to fulfill the integrated Bianchi identity

∫

C4

(

trR2 − tr(iFV)2
)

= 0,

whereR is the curvature form of the internal Calabi-Yau manifold and C4 is a compact 4-cycle ofX.
Additionally, we require that the Bianchi identity is satisfied for non-compact 4-cycles. The Bianchi
identity puts further restriction on theVi since we can compute the integral using the intersection num-
bers using the general formula for the Chern class of a toric variety. The total Chern class for an arbitrary
smooth toric varietyX [Ful93, p. 109]4 has the form

c(X) =
n

∏

i=1

(1+ Di), (6.8)

where we writeDi for c1([Di ]) and the sum runs over all vectors in the fan ofX. In the case of resolved
orbifolds the sum runs over all̃Di andE j. Thei-th Chern class can be obtained by expanding the product.
For example the first Chern class ofX = Res(Cn/Zn) is

c1(X) = E1 +

n
∑

i=1

D̃i = 0

3We expect that the Hermitian Yang-Mills equations can be solved byFV.
4There is a subtlety involved. The formula for the total Chernclass is valid in the context of the Chow ring, i.e. thei-th

Chern class has to be understood as an element of the corresponding Chow groupAi(X). This can be problematic for non-
compact manifold sinceA0(X) can be trivial. If this is the case, it does not make sense to talk about intersection “numbers”.
We ignore this fact and use the formula, also for non-compacttoric varieties.
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which confirms the Calabi-Yau condition of vanishing first Chern class. Also the second Chern class
can be calculated easily

1
2

trR2

(2πi)2
= c2(X) = E1

∑

i

D̃i +
∑

i< j

D̃i · D̃ j =
n+ 1

2
E1 · D̃1.

Thus once we have all intersection numbers of divisors, we can compute integrals over the Chern
classes. To obtain the chiral spectrum we proceed as follows: we start from the anomaly polynomial
I12 = I12(F,R) of the gaugino in 10 dimensions, whereF andR are the full field strength and the full
curvature form. We expandF andR in the background and the quantum part

F = FV + F and R = R + R,

whereFV andR denote the background parts. Then we reduceI12 to four dimensions by integrating it
overX to obtainI6 which has the form

I6 ∼

[

tr

(

1
2

NV(iF )3
)

−
1
8

tr

(

1
2

NV(iF )

)

tr R2
]

,

where

NV =

∫

X















1
3!

(

FV

2π

)3

+
1
12

(

−
1
2

trR2

(2πi)2

) (

FV

2π

)















. (6.9)

We determine the unbroken gauge groups of SO(32) and the various matter multiplets in four dimensions
and their charges under the gauge background. The charge of amatter multiplet under the U(1) gauge
background is the eigenvalue ofHV and the multiplicity operatorNV computes how much this multiplet
contributes to the anomaly. Thus for each multipletNV gives the number of chiral matter. SinceNV

involvesF 3
V andR2 and therefore contains also intersection numbers of non-compact divisors only, we

want to compute these numbers in addition to intersections involving at least one compact divisors.

We now describe how to obtain the intersection numbers. Let us first consider the case of a smooth
compact toric variety. Letvi for i = 1, · · · , n be the vectors in the fanΣ and Di the corresponding
divisors. To each vector inΣ we assign a homogeneous coordinatezi . As explained in§ 3.1.4, setting
zi = 0 givesDi . The linear equivalences are given by the vectors, i.e.

n
∑

i=1

vi j Di ∼ 0.

Some of the intersections can be easily determined [Oda85, p. 80]. Let vi , v j , andvk be the vectors
corresponding to the divisorsDi ,D j andDk. Then fori, j andk all different

Di · D j · Dk = 1

if vi , v j andvk span a cone inΣ, andDi · D j · Dk = 0 otherwise. We also haveDi1 · · ·Dik = 0 if any
subset of the involved divisors does not form a cone. For example, if {z1 = z2 = 0} ⊂ Z(Σ), then for all
i the intersection numbers of the formD1 · D2 · Di will be equal to zero since the intersectionD1 · D2

is defined by settingz1 andz2 to zero and this point set is excluded from the toric variety.Using these
“initial” intersection numbers and linear equivalences wecan determine all other intersection numbers
including the self intersection numbers5 like Di · Di · D j ≡ D2

i · D j or Di · Di · Di ≡ D3
i .

5The triple self intersection number of a divisor can be computed in a different way. See [Ful93, p.111].
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Now we consider the non-compact case. We apply the results for the smooth compact toric varieties
with one natural modification: when we determine the unit intersection numbers, we require that at least
one compact divisor or one compact curve is involved. The points inside the projected fan correspond
to compact divisors. The divisors associated to the boundary points, i.e. those on the triangle formed by
v1, v2, andv3, are non-compact. Like the correspondence between vectors, i.e. points in the projected
fan, and divisors, there is a correspondence between two-dimensional cones, i.e. lines in the projected
fan, and complex curves. Analogously to compact divisors, inner lines in the projected fan corresponds
to compact complex curves and the lines on the outer triangleto non-compact complex curves. It is
explained in§ A.6 why this is the case.

As always we first consider a two-dimensional example: Res(C
2/Z2). The exceptional divisorE1 is

compact. The linear equivalences are

D̃1 + D̃2 + E1 ∼ E1 + 2D̃2 ∼ 0. (6.10)

Furthermore, we have the unit intersections

D̃1 · E1 = D̃2 · E1 = 1. (6.11)

Combining (6.10) and (6.11), we obtain

D̃1 · D̃2 = −
1
2

, E2
1 = −2 and D̃2

i = −
1
2

for i = 1, 2. (6.12)

Two questions immediately arise: First of all, what does a fractional intersection number mean in a
smooth manifold? Second, from the exceptional set we expect

D̃1 · D̃2 = 0

since{z1 = z2 = 0} is contained in the exceptional set.

To see the problem more clearly, let us step back and see what linear equivalences mean and what
we are calculating. Let thereforeD1 be a compact andD2 andD3 non-compact divisors of a smooth
non-compact complex two-dimensional manifoldM. Furthermore, let us assume thatD1 · D2 = 1 and
that we have the linear equivalence

D1 ∼ D3.

This is equivalent to
D1 − D3 = δV,

whereδV is a boundary or equivalently a principal divisor. We obtainfrom D1 · D2 = 1

D3 · D2 + δV · D2 = 1⇔ D3 · D2 = 1− δV · D2.

If we write the intersectionδV ·D2 in terms of the corresponding (1, 1)-forms, i.e. the first Chern classes
of the associated line bundles, we have

δV · D2 =

∫

M
c1([δV]) ∧ c1([D2]) =

∫

D2

c1([δV]).

SinceδV is a boundary, the corresponding first Chern class is exact. Thus

δV · D2 =

∫

D2

dφ
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for some 1-formφ. If D2 were compact, then the integral would vanish employing the Stokes theorem.
However, becauseD2 is not compact, it does not vanish in general. As we calculated the intersection
numbers (6.12), we neglected the contributionδV ·D2. Thus fractional numbers can appear. This can be
also understood from the global point of view. The non-compact resolved orbifold represents one local
patch of a compact resolved orbifold. The boundary contributions will add up once we glue appropriate
number of local patches together. Let us look at one example,Res(C2/Z3) which is the local patch of
T4/Z3. For compact manifolds the Euler number is equal to the integral of the top Chern class. The
second Chern class integrated overC2/Z3 gives 8/3 neglecting boundary constributions. The resolution
of the compact orbifold is the non-singular K3 whose Euler number is 24. The orbifoldT4/Z3 has nine
fixed points which means that we should glue nine of the local patches together. The integral of the
second Chern class of Res(C2/Z3) multiplied by the number of fixed points gives the Euler number of
the K3.

We are also confronting the problem that in a non-compact manifold the intersection theory is not
well defined. The intersection numbers of non-compact cycles are not topological in the sense that this
number is not invariant under deformations of the cycles. One can deform the involved cycles such that
they have no intersection at all. This is due to the fact that the intersection point can escape to infinity in
a non-compact manifold. Let againD1 be a compact andD2 andD3 non-compact divisors. In addition,
we assumeD1 · D2 = 1 and

D1 ∼ aD3 a ∈ Z. (6.13)

To obtain the intersection between non-compact divisorsD2 andD3, we deformD1 using (6.13) toaD3.
By doing so, we forbid that the intersection point does escape to infinity which is the boundary of the
non-compact manifold. We define the intersection between non-compact divisors imposing this restric-
tion to the deformations. This means thataD3 · D2 = 1. ThusD3 · D2 is fractional. To summarize,
the intersection theory we consider neglects the boundary and is in that sense “local”. This means one
should understand the intersection theory we are considering as giving “local” information for one patch
of the resolved compact orbifold.

Having given arguments for intersection theory on non-compact manifolds, we now actually compute
these numbers for various examples. We first considerC

n/Zn. We have the following linear equivalences
which can be read off from (6.4)

n
∑

i=1

D̃i + E1 ∼ 0 and D̃i ∼ D̃ j ∀i , j ⇒ nD̃i + E1 ∼ 0 ∀i.

The unit intersection numbers obtained using (6.5) are

E1 · D̃i1 · · · D̃in−1 = 1 ∀ik , iℓ for k , ℓ. (6.14)

Using these relations, we obtain
En

1 = (−n)n−1.

We compare these intersection numbers with integrals obtained in the explicit blowups. Using (6.6) and
(6.7) we easily see that

E · D̃i1 · · · D̃ip � P
n−p−1,

⇒ E · D̃i1 · · · D̃in−2 � P
1

which is a compact curve. Thus (6.14) gives

E · D̃i1 · · · D̃in−2 · D̃in−1 =

∫

E·D̃i1 ···D̃in−2

D̃in−1 =

∫

P1
D̃in−1 = 1.

49



In [GNTW07] the field strengthF of the U(1) gauge background obtained by solving the Hermitian
Yang-Mills equation has the same property, i.e.

F

2π
= D̃i and

∫

E·D̃i1 ···D̃in−2

F

2π
= 1.

Furthermore, we then have
∫

E1·D̃i1···D̃in−1−p

(

iF
2πi

)p

= −n
∫

D̃i1···D̃in−p

(

iF
2πi

)p

= 1,

⇒ −nD̃1 · · · D̃n = 1,

⇒ D̃1 · · · D̃n = −
1
n

which agree with the integrals computed in [GNTW07]. Using (6.8) we can evaluate the integral
∫

E1·D̃i1 ···D̃in−2

c2(X) =
∫

P2
c2(X) = n(n+ 1)

which also perfectly agree with the results of explicit blowups. In [GNTW07] it was checked that the
multiplicities of chiral matter computed using these intersection numbers match those of the correspond-
ing heterotic orbifolds.

Despite issues due to non-compactness we are confident that the intersection numbers between non-
compact divisors can make sense. For the case ofC

n/Zn for n = 2, 3 we have two cross checks: the
explicit blowups and the heterotic orbifold models. Since we need certain amount of “initial” intersection
numbers for the calculation, we are confronting the problemwhich numbers are given and which should
be calculated from the others using the linear equivalences. We propose following rules for Res(C2/Zn)
and Res(C3/Zn):

1. Basic cones, i.e. cones spanned by adjacent vectors, within the triangulation have unit intersection.

2. Basic cones which do not exist in the triangulation have zero intersection number.

3. Intersection numbers of divisors whose corresponding vectors are linearly dependent, i.e. the vec-
tors lie on a line in the projected fan, have zero intersection number.

4. All other intersection numbers should be calculated using the unit and zero intersection numbers
and the linear equivalences.

As another example we calculate the intersection numbers ofthe resolution ofC3/Z2 × Z2 in Figure
6.2(a). Using the (V | Q) matrix of the fanΣ of Res(C3/Z2 × Z2) given in (A.12), we can read off the
linear equivalences

2D̃1 + E2 + E3 ∼ 2D̃2 + E1 + E3 ∼ 2D̃3 + E1 + E2 ∼ 0.

The exceptional setZ(Σ) is as follows

Z(Σ) = {z1 = z2 = 0} ∪ {z2 = z3 = 0} ∪ {z1 = z3 = 0}

∪ {z1 = x1 = 0} ∪ {z2 = x2 = 0} ∪ {z3 = x3 = 0} .

Using the third rule, we have the following zero intersection numbers

D̃1 · D̃2 · E3 = D̃2 · D̃3 · E1 = D̃3 · D̃1 · E2 = 0
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D̃1 D̃2 D̃3 E1 E2 E3

E1 · E2 0 0 1 -1 -1 1

E1 · E3 0 1 0 -1 1 -1

E2 · E3 1 0 0 1 -1 -1

D̃1 · E1 0 1
2

1
2 1 0 0

E1 · E2 -1
2 0 -1

2 0 1 0

E1 · E2 -1
2 -1

2 0 0 0 1

Table 6.1: All intersection numbers of the (a) triangulation of Res(C3/Z2 × Z2) except the
triple self intersection numbers.

which are triangulation independent, i.e. these intersection numbers coincide in all other triangulations.
From the basic cones of the triangulation we obtain the unit intersection numbers

D̃1 · E2 · E3 = D̃2 · E3 · E1 = D̃3 · E1 · E2 = E1 · E2 · E3 = 1.

Using the second rule, we obtain following additional zero intersection numbers

D̃1 · E1 · E2 = D̃1 · E1 · E3 = D̃2 · E1 · E2 = 0,

D̃2 · E2 · E3 = D̃3 · E1 · E3 = D̃3 · E2 · E3 = 0.

Employing the linear equivalences, this is enough to calculate intersection numbers involving only the
exceptional divisors. Once we have all intersection numbers of theEi , we can easily obtain all other
numbers involving theDi using the linear equivalences. The intersection numbers between exceptional
divisors are as follows:

E3
i = −E2

i · E j,i = E1 · E2 · E3 = 1 for i = 1, 2, 3.

Table 6.1 shows all other intersection numbers except the triple self-intersection numbers.

In [GNHT07] it was checked using the intersection numbers calculated as above and the multiplicity
operatorNV (6.9) that the number of chiral matter of heterotic orbifoldsC2/Z3, C3/Z4 andC3/Z2 × Z2

could be recovered and that the anomalies were absent, confirming again the validity of the intersection
of non-compact divisors.

However, the rules we proposed do not work for more complicated orbifolds. For example, for
Res(C3/Z6−II ) we can compute all intersection numbers betweenEi except two numbers. The (V | Q)
matrix is given in (A.14). The linear equivalences of Res(C

3/Z6−II ) are as follows

6D̃1 + E1 + 2E2 + 3E3 + 4E4 ∼ 3D̃2 + E1 + 2E2 + E4 ∼ 2D̃3 + E1 + E3 ∼ 0.

The “initial” intersection numbers are shown in table 6.2. The zero intersection numbers using the rules
above are

D̃1 · E2 · E4 = D̃1 · E2 · D̃2 = E2 · E4 · D̃2 = D̃1 · D̃3 · E3 = D̃3 · E1 · E2 = D̃1 · E4 · D̃2 = 0.

Table 6.3 shows the intersection numbers between exceptional divisors computed using the unit and zero
intersection numbers and the linear equivalences. As one can see in the table, we cannot determine the
intersection numbersE3

3 andE2 · E2
3.
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(a) (b) (c) (d) (e)

E1 · E2 · E3 0 0 1 0 0

E1 · E2 · E4 1 1 0 0 1

E2 · E3 · E4 0 0 1 1 0

E1 · E3 · E4 0 1 0 0 0

D̃1 · E1 · E4 1 0 0 0 0

D̃1 · E1 · E3 1 0 0 0 0

D̃1 · E3 · E4 0 1 1 1 1

D̃2 · E1 · E2 1 1 1 0 1

D̃2 · E1 · D̃3 1 1 1 1 1

D̃2 · E1 · E3 0 0 0 1 0

D̃2 · E2 · E3 0 0 0 1 0

D̃3 · E1 · E3 1 1 1 1 0

D̃3 · E1 · E4 0 0 0 0 1

D̃3 · E3 · E4 0 0 0 0 1

Table 6.2: “Initial” intersection numbers of the five different resolutions ofC3/Z6−II
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(a) (b) (c) (d) (e)

E1 · E2 · E3 0 0 1 0 0

E1 · E2 · E4 1 1 0 0 1

E2 · E3 · E4 0 0 1 1 0

E1 · E3 · E4 0 1 0 0 0

E2
1 · E2 0 0 -1 0 0

E2
1 · E3 0 -1 -2 -3 0

E2
1 · E4 0 -1 0 0 -2

E1 · E2
2 -2 -2 -1 0 -2

E1 · E2
3 -2 -1 0 1 0

E1 · E2
4 -2 -1 0 0 0

E2
2 · E3 0 0 -1 -2 0

E2
2 · E4 −1

2 −1
2

1
2

1
2 −1

2

E2 · E2
4 0 0 -1 -1 0

E3 · E2
4 0 -1 -2 -2 0

E2
3 · E4 0 -1 0 0 -2

E3
1 6 7 8 9 8

E3
2 2 2 1 2 2

E3
4 2 1 2 2 0

3E3
3 + 2E2 · E2

3 8 5 0 -1 8

Table 6.3: All intersection numbers between exceptional divisors in the five different reso-
lutions ofC3/Z6−II
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Conclusion and Outlook

In particular, Theorem 6.5 is ineffective in explaining [...].
Nevertheless, it is obvious that Theorem 6.5 is of fundamental importance [...].

This reflects a fundamental difference between mathematics and physics.
In physics, if a theory is developed for the purpose of explaining certain phenomenon

and fails to do so, then that theory must be useless.
Kunihiko Kodaira, [Kod86]

In this thesis we described two applications of toric geometry to string theory. We focused on two
particular theories, namely F-theory and heterotic toroidal orbifold theories. The main task for both
applications was the construction of Calabi-Yau manifolds, both compact and non-compact, and studies
thereof.

In the first part we introduced necessary concepts from algebraic geometry, especially divisors of a
complex manifold. We discussed the basics of toric geometryand properties of toric varieties. Then
we described two different methods to construct Calabi-Yau manifolds: non-compact Calabi-Yau mani-
folds as toric varieties and compact manifolds as hypersurfaces in toric Fano varieties using V. Batyrev’s
method. Since sheaf cohomology is necessary to discuss the brane moduli of F-theory, we explored
basic elements of sheaves and their cohomologies.

For F-theory compactifications and model building we described the construction ofcompact elliptic
Calabi-Yau fourfolds. Following this, we analyzed the brane moduli of F-theory compactifications and
showed that the brane moduli do not represent a separate class of moduli, but they are contained in the
complex structure moduli of the fourfolds. In addition we briefly discussed the Gukov-Vafa-Witten su-
perpotential which leads to stabilization of the complex structure moduli.

Our second application deals with techniques for heterotictoroidal orbifold models. To analyze
these models, we described how to constructnon-compactCalabi-Yau orbifolds of typeC3/Zn and how
to resolve them preserving the Calabi-Yau condition. Sinceintersection numbers between divisors are
needed, we described how to compute these numbers. While doing so, we had to face the fact that our
manifolds were non-compact and therefore the intersectiontheory is ill defined. We gave arguments that
a sensible definition of intersection theory of non-compactmanifolds is possible. Using linear equiva-
lences, we obtained fractional intersection numbers between non-compact divisors which were due to
neglecting boundary contributions. We proposed a set of rules to compute the intersection numbers. Us-
ing these rules we were able to obtain all intersection numbers forCn/Zn,C2/Z3, C3/Z4 andC3/Z2×Z2.
For these models one could check that the chiral spectra calculated from these numbers match those of
heterotic orbifold models. In other words, it seems that intersection theory of non-compact manifolds
makes sense. However, these rules are not yet sufficient for more complicated orbifolds, e.g.C3/Z6−II .
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This work can be extended in many natural ways. For the F-theory part, the next step would be ex-
plicit model building. It would be also very important to study the mechanism of the stabilization of the
complex structure moduli. Therefore one should compute theperiods to obtain the explicit form of the
perturbative superpotential. It seems possible to fix all moduli for toroidal compactifications [DDF+05].
It would be very interesting to see whether it is possible to fix all moduli in more complicated compact-
ifications.

To obtain a more consistent and complete picture in heterotic orbifold models, it would be crucial
to have a better understanding of the nature of fractional intersection numbers and of the intersection
theory of non-compact manifold. Additionally, we should find a consistent prescription to compute all
intersection numbers of arbitrary orbifolds. One possibleway could be using the Spec(·) construction
and the extra information coming from the “sub-resolutions” as one can see in the following example:
the projected fan of the resolution (b) ofC3/Z6−II contains the projected fan of the resolution (a) of
C

3/Z2 × Z2. Since we have already computed all intersection numbers ofRes(C3/Z2 × Z2), it might be
possible to use them for computation of the intersection numbers of Res(C3/Z6−II ). On the other hand
we should also study the global picture of the orbifolds, i.e. the resolved compact orbifold. We should
understand how one can consistently glue the local models together [LRSS06].

Finally, we hope that we will soon be able to build explicit models which are natural and good
enough, such that string theory can becomeuseful physicaltheory, even in Kodaira’s sense.
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Appendix

A.1 Homogeneous Coordinates Revisited

In this appendix we describe the homogeneous coordinate construction in more detail.

Let N be the lattice andM the dual lattice with dimN = dim M = n. We consider only fans whose
vectors{vi} generateNR which means that we haver ≥ n vectors,n of them linearly independent. LetX
be a toric variety constructed via the Spec(·) construction1 from a fanΣ consisting of{vi}. We have an
exact sequence [Ful93, p.63]

0 // M α //
⊕

i Z · Di
β

// An−1(X) // 0 , (A.1)

whereDi are the divisors corresponding tovi . The mapα is defined as follows

α(m) = div
(

χm)

=
∑

i

〈m, vi〉Di for m ∈ M,

whereχm denote the element of the character group ofM [Ful93, p.37]. We can viewχm as a rational
function onX. Consequently〈m, vi〉 = ordDi (χm). The (n− 1)-th Chow group ofX denoted byAn−1(X)
is the set of all divisors ofX with linear equivalences2 modded out. As we can see from (A.1),

An−1(X) =
⊕

i

Z · Di

/

M.

The mapβ mapsD to its classA = β(D) in An−1(X).

Let HomZ(X,C∗) denote the set of all homomorphisms fromX to C∗ with the property

f ∈ HomZ(X,C
∗)⇒ f (ax) = f (x)a for a ∈ Z and x ∈ X. (A.2)

We apply HomZ(·,C∗) to the exact sequence (A.1)

1 // HomZ(An−1(X),C∗)
β̃

// HomZ
(
⊕

i Z · Di ,C
∗
)

α̃ // HomZ(M,C∗) // 1 . (A.3)

Let G denote HomZ(An−1(X),C∗). Furthermore, we have

HomZ(M,C
∗) = N ⊗Z C

∗ =
(

C
∗)n = T(N),

where the third equality is a definition [Cox05,§ 1.2]. We callT(N) the torus of N.

1See for example [Oda85, Ful93, Cox05].
2In the context of the Chow groups one should sayrational equivalences. For divisors however, rational equivalence is

linear equivalence.
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Let us determineG. Since (A.3) is exact,

Ker α̃ = Im β̃ ≡ G.

Let h ∈ HomZ(M,C∗) and f ∈ HomZ
(
⊕

i Z · Di ,C
∗
)

. Obviously,

HomZ
(

M,C∗
)

�
(

C
∗)n and HomZ

(
⊕

i Z · Di ,C
∗
)

�
(

C
∗)r .

By choosing a basis for each of both spaces, we can write

h = (h1, . . . , hn) and f = ( f1, . . . , fr).

Let m ∈ M andD =
∑

i aiDi ∈
⊕

i Z · Di , then we have

h(m) = (h1, . . . , hn) · (m1, . . . ,mn) =
∏

i

h〈m,ei 〉

i =
∏

i

hmi
i ,

f (D) = ( f1, . . . , fr) · D =
∏

i

f (Di)
ai =

∏

i

f ai
i ,

whereei are the standard basis ofN. Obviouslyh and f defined this way are homomorphisms and satisfy
(A.2). To determineG, we have to determine Ker ˜α. The map ˜α is defined as

α̃ : HomZ
(
⊕

i Z · Di ,C
∗
)

// T(N)

and since ˜α( f ) ∈ HomZ(M,C∗), we define ˜α( f ) as follows

α̃( f )(m) =
n

∏

i=1

r
∏

j=1

f 〈m,vi〉j for m ∈ M.

If we plug in the standard basise∗i of M in α̃( f )(·), we obtain the representation of ˜α( f ) in components,
namely

α̃( f ) =



















r
∏

j=1

f
v j1

j , . . . ,

r
∏

j=1

f
v jn

j



















.

Thus f = ( f1, . . . , fr) ∈ G iff
r

∏

j=1

f
v ji

j = 1 ∀i.

To summarize,
G =

{

( f1, . . . , fr) |
∏r

j=1 f
v ji

j = 1 for i = 1, . . . , n
}

.

From the exact sequence (A.3) we see that

T(N) =
(

C
∗)r/G,

i.e.


















r
∏

j=1

f
v j1

j , . . . ,

r
∏

j=1

f
v jn

j



















can be seen as coordinates ofT(N) and they are invariant underG.

An action of the groupG onCr can be defined via

g ∈ G⇒ g · (z1, . . . , zr ) = (g(D1)z1, . . . , g(Dr )zr ).
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We can have two cases: first, the vectors{vi} are linearly dependent. In this case it is easy to see thatG
corresponds to the (C∗)m action weighted by the charges: We first set

fi =
∏

k

λ
qik

k ,

then
1 =

∏

i,k

λ
qikvi j

k ⇒
∑

i

qiℓvi j = 0 ∀ j, ℓ.

Theqiℓ are precisely the charges defined in§ 3.1.2.

Let {vi} be linearly independent. Then we have precisely dimN = n vectors in our fan sinceΣ(1)
spansNR. We now show that

G � N/N′,

whereN′ =
⊕n

i=1Z · vi. One can show that the following sequence

1 // N/N′ // T(N′) // T(N) // 1

is exact [Ful93, p.34]. Furthermore, using the following isomorphism
⊕

i

Z · Di � N′

which is due to the one-to-one correspondence between divisors and vectors, we obtain

T(N′) = HomZ(N
′,C∗) � HomZ

(
⊕

i Z · Di ,C
∗
)

.

Thus we have the commutative diagram:

1 //

=

��

N/N′ //

φ

��

T(N′) //

�

��

T(N) //

=

��

1

=

��

1 // G // HomZ
(
⊕

i Z · Di ,C
∗
)

// T(N) // 1

(A.4)

First we show that the mapφ exists and makes the diagram commute. Consider the diagram:

N/N′
ψ

((QQQQQQ

φ

��

T(N′)

G

φ′

DD

β̃

66mmmmmmm

For simplicity we have identifiedT(N′) and HomZ
(
⊕

i Z · Di ,C
∗
)

. Letw ∈ N/N′, thenψ(w) ∈ T(N′).

Sinceβ̃ is injective, we can considerg = β̃−1(ψ(w)) ∈ G. We setφ(w) = g. By constructionφ makes the
diagram commute. Using the same argument we can constructφ′. We want to show thatN/N′ andG
are isomorphic. To do this, we use the so-called “four lemma”[Mac95, p.14] which states: Assume we
have a commutative diagram

A1 //

f1
��

A2 //

f2
��

A3 //

f3
��

A4

f4
��

B1 // B2 // B3 // B4
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with two exact rows. Iff1 and f3 are surjective andf4 is injective, thenf2 is surjective. Since all vertical
solid arrows in (A.4) are bijective, we can use the four lemmaidentifying the dashed arrow withf2.
Using the four lemma twice forφ andφ′, from the upper row to the lower row and vice versa, we obtain
that

φ : N/N′ // G and φ′ : G // N/N′

are both surjective. The dashed arrow in (A.4) is thus an isomorphism. This means in particular that
ord(G) = ord(N/N′), thus

|det(v1, . . . , vn)| = ordG.

The quotient
C

r − Z(Σ)
G

,

whereZ(Σ) is the exceptional set defined in§ 3.1.2, is naturally isomorphic to the toric variety con-
structed fromΣ using the Spec(·) construction [Cox93, Thm. 2.1].

A.2 Linear Equivalences of Divisors

We have the following exact sequence for an arbitrary toric varietyX [Cox05, (3.2)]

M α //
⊕

i Z · Di
β

// An−1(X) // 0 ,

whereDi are the divisors corresponding tovi . Note that this sequence becomes a short exact sequence if
the toric variety is compact. As already mentioned in§ A.1, the mapα is defined to be

α(m) = div
(

χm)

=
∑

i

〈m, vi〉Di for m ∈ M,

i.e.3

An−1(X) =
⊕

i

Z · Di

/

Im(α).

Thus the divisors which are mapped to the trivial class inAn−1(X) has the form
∑

i

〈m, vi〉Di ∀m ∈ M.

If we take the standard basis vectorse∗i for i = 1 . . . n of M, we obtain

0 ∼
∑

j

〈e∗i , v j〉D j =
∑

j

v ji D j for i = 1 . . . n, (A.5)

where we writev ji for the i-th component of thej-th vector. Furthermore, we can recast (A.5) to give
another meaning to charges. Consider the (V | Q) matrix of the form

























v11 · · · v1n q11 · · · q1ℓ
...

. . .
...

...
. . .

...

vk1 · · · vkn qk1 · · · qkℓ

























.

We have the relations
∑

i

qi j vim = 0 and
∑

i

vimDi ∼ 0 for j = 1, . . . , ℓ and m= 1, . . . , k.

3We mod out Im(α) becauseα is not injective. We cannot identify Im(α) with M.
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The components of the vectorsvim can be seen as coefficients of linear combinations of the rows of (Q)
which sum up to zero. Thus we can interpret the rows of (Q) asformal coordinates of each divisorDi .
Let Qi denote thei-th row of (Q). Then the divisorDi for example hasQi as its coordinate. Since

∑

i

vi j Qi = 0,

we get
∑

i

vi j Di ∼ 0.

This means that there areℓ linearly independent divisors and thusk− ℓ independent linear equivalences.
These equivalences can be found by considering the linear combinations ofQi which sum up to zero.

A.3 Polynomial defining Calabi-Yau Hypersurfaces

Let X be a toric Fano variety. We go through a reasoning why the polynomial p as defined in (3.8)

∑

m∈∆∩M















am

∏

i

z〈m,vi〉+1
i















is defining a Calabi-Yau variety, i.e. a section in the anticanonical bundle.

We have the following short exact sequence for compact toricvarieties [Ful93, p.63]

0 // M α //
⊕

i Z · Di
β

// An−1(X) // 0 ,

whereDi are the divisors corresponding tovi . The mapα is defined as follows

α(m) = div
(

χm)

=
∑

i

〈m, vi〉Di for m ∈ M.

The mapβ mapsD to its classA = β(D) in the (n− 1)-th Chow groupAn−1(X).

For D =
∑

i diDi the group of global sectionsH0(X, [D]) can be given as [Ful93, p.66]

H0(X, [D]) =
⊕

m∈PD∩M

C · χm,

where the polyhedronPD is defined as

PD = {m ∈ MR | 〈m, vi〉 ≥ −di ∀i} . (A.6)

Following [Cox93,§ 1], let us define

Sβ(D) =
⊕

β(D′)=A

C · zD′ ,

whereD′ =
∑

i bi Di and
zD′ =

∏

i

zbi
i .

Since Kerβ = Imα,
∏

i

zbi
i ,

∏

i

zci
i ∈ Sα ⇒ ∃m ∈ M : bi = 〈m, vi〉 + ci ∀i. (A.7)
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We have an isomorphism [Cox93, Prop. 1.1]

φD : Sβ(D)
� // H0(X, [D]) .

The isomorphismφD is defined as follows: letDm =
∑

i〈m, vi〉Di , then

zD′ ∈ SA⇒ ∃m ∈ PD ∩ M : zD′ = zDm+D =
∏

i

z〈m,vi〉+di
i . (A.8)

Thus

Sβ(D) =



















∑

m∈PD∩M















am

∏

i

z〈m,vi〉+di
i

































.

We set
φD

(

zD′
)

= φD

(

zDm+D
)

= χm. (A.9)

Let us turn to the reflexive polyhedron∆. Now∆ plays the role ofPD. Using (∆∗)∗ = ∆, we get

∆ =
{

x ∈ NR | 〈x, y〉 ≥ −1 ∀y ∈ ∆∗
}

∈ MR.

A glance at (A.6) shows that the corresponding divisor is

D =
∑

i

Di ,

where the sum runs over all vectors generating the one-dimensional cones in the fan corresponding to
∆∗, i.e. also vectors added by crepant desingularization. This divisorD is the anticanonical divisor of
X [Ful93, p.85]. We now determine the correspondingSβ(D) which is isomorphic to the global sections
of the line bundle [D] = [−KX], i.e. of the anticanonical bundleKX−1. The monomials spanningSβ(D)

have the form using (A.8) and (A.9)

zD′ ∈ Sβ(D) ⇒
∏

i

z〈m,vi〉+1
i for m ∈ ∆ ∩ M.

The reason exponents being of the form〈m, vi〉 + 1 is thatdi = 1 for all i which is the defining property
of dual reflexive polyhedrons. Thus every global section ofKX−1 has the form

∑

m∈∆∩M















am

∏

i

z〈m,vi〉+1
i















in homogeneous coordinates.

A.4 Integral Points of Reflexive Polyhedrons

Here we give the integral points of reflexive polyhedrons forelliptic K3 studied in§ 5.2.6.

The vertices of∆∗:






























1 0 0
−1 −4 −6
0 1 0
0 0 1































.
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The integral points of∆∗, i.e.∆∗ ∩ N:































1 0 0 0 −2 −3
−1 −4 −6 0 −1 −2
0 1 0 0 0 −1
0 0 1 0 −1 −1































. (A.10)

The vertices of∆:






























11 −1 −1
−1 2 −1
−1 −1 −1
−1 −1 1































The integral points:










































































































































−1 0 −1 −1 −1 −1 −1 1 −1
0 0 −1 0 −1 −1 0 1 −1
1 0 −1 1 −1 −1 1 1 −1
2 0 −1 2 −1 −1 2 1 −1
3 0 −1 3 −1 −1 3 1 −1
4 0 −1 4 −1 −1 −1 −1 0
5 0 −1 5 −1 −1 0 −1 0
6 0 −1 6 −1 −1 1 −1 0
7 0 −1 7 −1 −1 2 −1 0
−1 2 −1 8 −1 −1 3 −1 0
−1 −1 1 9 −1 −1 4 −1 0
−1 0 0 10 −1 −1 5 −1 0
0 0 0 11 −1 −1
1 0 0











































































































































, (A.11)

where we tried to group points with similar components together.

A.5 The (V | Q) Matrix of Orbifolds and their Resolutions

For notation see the beginning of§ 6.2.

A.5.1 C
2/Z3

The orbifold action:
θ(z1, z2) = (εz1, ε

−1z2),

whereε = e2πi/3.
Equations to solve:

v1i − v2i ≡ 0 mod 3.

The (V | Q) matrix of Res(C2/Z2):































z1 D̃1 1 0 1 0
z2 D̃2 1 3 0 1
x1 E1 1 1 −2 1
x2 E2 1 2 1 −2































.
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A.5.2 C
3/Z4

The orbifold action:
θ(z1, z2, z3) = (εz1, εz2, ε

2z3),

whereε = e2πi/4.
Equation to solve:

v1i + v2i + 2v3i ≡ 0 mod 4.

The (V | Q) matrix of Res(C3/Z4):











































z1 D̃1 2 0 1 1 0
z2 D̃2 0 2 1 1 0
z3 D̃3 −1 1 1 0 1
x1 E1 0 1 1 0 −2
x2 E2 1 1 1 −2 1











































.

A.5.3 C
3/Z2 × Z2

The orbifold action:

θ1(z1, z2, z3) = (εz1, z2, εz3),

θ2(z1, z2, z3) = (z1, εz2, εz3),

θ1 ◦ θ2(z1, z2, z3) = (εz1, εz2, z3),

whereε = eπi .
Equations to solve:

v1i + v3i ≡ 0 mod 2,

v2i + v3i ≡ 0 mod 2,

v1i + v2i ≡ 0 mod 2.

The (V | Q) matrix of Res(C3/Z2 × Z2):





















































z1 D̃1 0 0 1 0 1 0
z2 D̃2 0 2 1 1 0 0
z3 D̃3 2 0 1 0 0 1
x1 E1 1 1 1 −1 1 −1
x2 E2 0 1 1 −1 −1 1
x3 E3 1 0 1 1 −1 −1





















































. (A.12)

A.5.4 C
3/Z6−I

The orbifold action:
θ(z1, z2, z3) = (εz1, εz2, ε

−2z3),

whereε = e2πi/6.
Equation to solve:

v1i + v2i − 2v3i ≡ 0 mod 6.
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The (V | Q) matrix of Res(C3/Z6−I ):





















































z1 D̃1 1 −2 1 1 0 0
z2 D̃2 −1 −2 1 1 0 0
z3 D̃3 0 1 1 0 1 0
x1 E1 0 0 1 0 −2 1
x2 E2 0 −1 1 0 1 −2
x3 E3 0 −2 1 −2 0 1





















































. (A.13)

A.5.5 C
3/Z6−II

The orbifold action:
θ(z1, z2, z3) = (εz1, ε

2z2, ε
3z3),

whereε = e2πi/6.
The equation to solve:

v1i + 2v2i + 3v3i ≡ 0 mod 6.

The (V | Q) matrix of Res(C3/Z6−II ):































































z1 D̃1 −2 −1 1 1 −1 1 0
z2 D̃2 1 −1 1 0 0 0 1
z3 D̃3 0 1 1 1 0 0 0
x1 E1 0 0 1 0 −1 0 0
x2 E2 0 −1 1 0 0 1 −2
x3 E3 −1 0 1 −2 1 0 0
x4 E4 −1 −1 1 0 1 −2 1































































. (A.14)

A.6 Compact Divisors and Compact Curves in Resolved Orbifolds

In this appendix we explain why divisors corresponding to a vector which is inside the projected fan is
compact and likewise why the complex curves corresponding to the inner lines of the projected fan are
compact.

Let X be an arbitraryn-dimensional toric variety constructed from a fanΣ in the latticeNR. The fan
Σ in general containsn to zero-dimensional cones. We now describe thestar of a cone [Ful93,§ 3.1].
Letσ be ak-dimensional cone ofΣ. Let N(σ) denote the lattice spanned by the vectors ofσ, i.e. without
loss of generality

σ = Cone(v1, . . . , vk)⇒ N(σ) =
k

⊕

i=1

Z · vi .

Furthermore, letp denote the projection map

p : NR // NR/N(σ)R ,

whereN(σ)R = N(σ) ⊗ R. Then the star ofσ is defined as follows

Star(σ) =
⋃

σ≺τ∈Σ

p(τ),

whereσ ≺ τ means thatσ is a face ofτ. The star of ak-dimensional cone is a (n− k)-dimensional fan.
The toric variety constructed from Star(σ) denoted byV(σ) is an (n − k)-dimensional subvariety ofX.
These (n − k)-dimensional subvarieties constructed from the stars generate the (n − k)-th Chow group
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Figure A.1: Example of Star(σ) from a fanΣ. The one-dimensional coneσ is spanned by
the vectort.

b

t1

t2

u2

u1

τ

Star(τ)

b

b

b

b

b

Figure A.2: Star of a two-dimensional coneτ

An−k(X) [Ful93, § 5.1]. The (n − 1)-th Chow groupAn−1(X) is the group of linearly inequivalent divi-
sors. We see the correspondence between one-dimensional cones, i.e. vectors, and divisors: A divisor
is the toric variety constructed from a star of an one-dimensional cone. In the case of three dimensional
resolved orbifolds the first Chow groupA1(X) is the group of complex curves: A complex curve inX
can be described by the star of a two-dimensional cone. This means that in the case of interest, i.e. three
dimensional non-compact resolved orbifolds, a point in theprojected fan corresponds to a divisor and a
line corresponds to a complex curve.

Let X be one of the resolved three-dimensional non-compact orbifolds. We can now show that
if a vector, i.e. a point in the projected fan, is inside the triangle formed byv1, v2, and v3, then the
corresponding divisor is compact. Let us assume that the inner vectort has the components (t1, t2, 1).
Letσ denote the one-dimensional cone spanned byt. To obtain Star(σ) we do the following: we taket as
a basis vector instead of (0, 0, 1) and compute the components of other vectors involved, i.e. those which
span the cones which haveσ as their face. Then, becauset is now the third basis vector, the projection
corresponds to just dropping the third component. This procedure can very intuitively understood from
the projected fans. Figure A.1 shows an example. We just haveto take the point corresponding tot in
the projected fan as the origin and the lines going out from itas the vectors spanning one-dimensional
cones in the star. Even if there were no other points thanv1, v2, v3, andt in the projected fan, the resulting
toric varietyV(σ) will be compact since Star(σ) contains three two-dimensional cones whose union is
the whole two-dimensional plane, i.e.,

|Star(σ)| = R2.

If there are more points in the projected fan, there will be more lines, i.e. the two-dimensional cones in
Star(σ) will become “finer”, but their union will still be the whole plane. ThereforeV(σ) is compact.
Using the same arguments, it is obvious that outer points in the projected fan yield non-compact divisors.

The case of compact curves is treated analogously to divisors. A line in the projected fan means
a two-dimensional coneτ in the fan. Let us denote the vectors spanningτ by t1 and t2. In the fully
triangulated fan,τ is a shared face of two basic cones. Figure A.2 illustrates the situation. This means
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Figure A.3: Example of the star of a two-dimensional coneτ

that we only have to consider four vectors altogether, namely t1, t2, andu1, u2. The vectorsu1 andu2 span
a three dimensional conesσ1 andσ2 respectively witht1 andt2. Note that (u1, t1, t2) and (u2, t1, t2) form
each aZ-basis ofN = Z3. Moreover, sinceu2 is relative tou1 on the “opposite side” of the hyperplane
spanned byt1 andt2,

1 = det(u1, t1, t2) = − det(u2, t1, t2) (A.15)

assumingu1 is positively oriented. Consider now the equation
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






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





with a, b, c ∈ Z.

This equation has an unique solution because of (A.15). Thus

u1 = au2 + N(τ).

In Star(τ) the vectoru1 is aZ-multiple ofu2. The coefficienta is negative since the orientation ofu1 and
u2 is opposite relative to the hyperplane spanned byt1 and t2. Settingp(u2) = (1) ∈ N(τ), we obtain
p(u1) = (a). Consequently,

|Star(τ)| = R

and the resulting toric varietyV(τ), which is a complex curve, is compact. The coefficienta is equal to
−1 since the curve has to be compact and smooth. The only one-dimensional compact and smooth toric
variety isP1 and its fan consists of (1) and (−1). The fact thata = −1 we can also see from the projected
fans of the resolved orbifolds. Using the same arguments, wecan easily see that outer lines correpond
to non-compact curves.

Let us look at an example. Figure A.3 shows the triangulation6.3(a) of Res(C3/Z6−II ). Note that
we renamed the vectors to be consistent with the discussion above . We want to construct the star ofτ
which is spanned byt1 andt2. The vectors in components are

u1 =
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, u2 =
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, t1 =
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

.

We have
u1 = −u2 + 3t1 − t2 = −u2 + N(τ).

Consequently, Star(τ) consists of (−1) = p(u1) and (1)= p(u1) which is the fan ofP1.

To summarize, inner points and inner lines in the projected fans of resolved three-dimensional orb-
ifolds correspond to compact divisors and compact curves respectively.
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